Complex Algebraic Geometry MSRI Publications Volume 28, 1995

Fundamental Groups of Smooth Projective Varieties

DONU ARAPURA

To the memory of Boris Moishezon

Abstract. This article is a brief survey of work related to the structure of topological fundamental groups of complex smooth projective varieties.

These notes, which are based on a talk given at MSRI in April 1993, are intended as a brief guide to some recent work on fundamental groups of varieties. For the most part, I have just tried to explain the results (often in nonoptimal form) and give a few simple examples to illustrate their use. Proofs are either sketched or omitted entirely. The basic question that will concern us is:

Which groups can be fundamental groups of smooth projective varieties?

This is certainly of importance in the topological study of algebraic varieties, but it is also linked to broader issues in algebraic geometry. Let us call the class of such groups P. As an application of the Lefschetz hyperplane theorem [Mi], we can see that any group in P is the fundamental group of an algebraic surface, and in fact we can even arrange the surface to have general type. Thus failure to answer this question can be viewed as an obstruction to completely classifying algebraic surfaces (even up to homotopy).

I should mention that there is also a nice survey article by Johnson and Rees [JR2] that reviews much of the work done on this problem prior to 1990. My own view of the subject has been shaped, to a large extent, by conversations and correspondence with many people, of whom I would especially like to mention Paul Bressler, Jim Carlson, Dick Hain, János Kollár, Madhav Nori, Mohan Ramachandran and Domingo Toledo. My thanks to F. Campana for catching a silly mistake in an earlier version of these notes.

1

The terminology used here is fairly standard. The only thing that could cause confusion is that I will say that a group G is an extension of B by A if it fits into an exact sequence: 1 → A → G → B → 1, and not the other way around.

1. Positive results

Since most of the known results are in the negative direction, let us start with some positive ones.

(A^+) (Serre) Any finite group lies in P. What Serre [S, Proposition 15] in fact proves is that any finite group acts without fixed points on some smooth complete intersection of any prescribed dimension. Since, by Lefschetz’s hyperplane theorem, complete intersections of dimension at least 2 are simply connected, the first statement follows.

(B^+) P is closed under finite products because the class of projective varieties is.

(C^+) If G ∈ P, any subgroup of finite index lies in P, because a finite-sheeted covering of a smooth projective variety can be given the structure of a smooth projective variety.

(D^+) As we shall see later, the converse of (C^+) is false; however, a weak form (needed below) does hold. Suppose that X is a simply connected complex manifold on which a group G acts faithfully, biholomorphically and properly discontinuously. Assume furthermore that a finite index subgroup H ⊆ G acts freely on X and that the quotient is a projective variety. Then G ∈ P. Proof (Kollár). We can assume that H is normal, since otherwise we can replace it by a stabilizer of a coset in G/H. Let S be a smooth projective variety with fundamental group G/H, and let S̃ be its universal cover. Then the diagonal action of G on X × S̃ is free, so the quotient is smooth and has G as its fundamental group. Furthermore (X × S̃)/G is a projective variety since it possesses a finite holomorphic map to X/G × S. □

(E^+) For any positive integer g, the group

⟨a_1, a_2, . . . , a_{2g} | [a_1, a_{g+1}], . . . , [a_g , a_{2g}] = 1⟩,

which is the fundamental group of a curve of genus g, lies in P.

(F^+) If G is a semisimple Lie group such that the quotient D of G by a maximal compact subgroup is a Hermitian symmetric space of noncompact type, any cocompact discrete subgroup Γ ⊂ G lies in P. When Γ is torsion-free, this follows from the fact that G acts freely on D and the quotient when endowed with the Bergman metric satisfies the conditions of Kodaira’s embedding theorem (see [H, ch. VIII] and [KM, p. 144]), and is consequently a smooth projective variety with fundamental group Γ. In the general case, Γ contains a torsion-free subgroup of finite index [Sel, Lemma 9], so we can appeal to (D^+). Two simple examples to keep in mind are: G = SU(n, 1) the group of unimodular matrices preserving the indefinite form |z_1|^2 + · · · + |z_n|^2 − |z_{n+1}|^2, and G = Sp(2n, R) the group of matrices preserving the standard symplectic form on R^{2n} ; maximal compact subgroups are given by

K_1 = {( A 0 0 det A^{−1} ) | A ∈ U(n) }

and K_2 = {( X Y −Y X ) | X + iY ∈ U(n) } , respectively.

SU(n, 1)/K_1 can be identified with the unit ball B^n in C^n , and Sp(2n, R)/K_2 can be identified with the Siegel upper half plane H_n of n×n symmetric matrices with positive definite imaginary part. In particular, when n = 1, we see that all the groups described in (D^+) with g ≥ 2 arise in this fashion. Although it is difficult to construct cocompact lattices explicitly, they always exist for any G [Bo].

(G^+) (Toledo [T1]) In the above situation, suppose that G is the group of real points of an algebraic group defined over Q. Assume that none of the irreducible factors of D is isomorphic to B^1, B^2, or H_2. Then any arithmetic subgroup of G lies in P. In particular, Sp(2n, Z) ∈ P when n > 2. I will describe the idea in this example. As in the proof of (D^+), we can obtain a free action of Sp(2n, Z) on the product of X = H_n and a suitably chosen simply connected smooth projective variety S̃. The variety

Y = (X × S̃)/ Sp(2n, Z)

is not projective but only quasiprojective. It has a compactification Ȳ obtained by normalizing Ā_n × S in the function field of Y , where Ā_n is the Satake compactification of A_n = X/ Sp(2n, Z). The variety Ȳ is projective and we will fix a projective embedding. The codimension of the complement Ȳ − Y is at least 3; therefore we can slice Ȳ by hyperplanes, in general position, until we get a smooth projective surface Z contained in Y . A strong form of the Lefschetz theorem, due to Goresky and Macpherson, guarantees that the fundamental group of Z is isomorphic to that of Y , which is of course Sp(2n, Z).

(H^+) Toledo [T2] has solved the long-outstanding problem of showing that P contains nonresidually finite groups (i.e., groups that don’t embed into their profinite completions). Other examples have since been constructed by Catanese,

Kollár and Nori (see [CK]). The simplest such example is the preimage of Sp(6, Z) in the connected 3-fold cyclic cover of Sp(6, R). The nonresidual finiteness of this and related groups is due to Deligne [De].

(I^+) Sommese and Van de Ven [SV], and later Campana [Ca], have shown that P contains nonabelian torsion-free nilpotent groups, and this contradicts a longheld belief by many workers in the area including this author. (Unfortunately the belief and the counterexample in [SV] existed concurrently for quite some time.) The examples are constructed as follows: Choose an abelian n-fold A and a finite map to PP^n. Let X be the preimage in A of a generic translate of an abelian d-fold in PP^n with d ≥ 2. Then a suitable double cover of X has as fundamental group a nonsplit central extension of an abelian group by Z. Sommese and Van de Ven used a specific choice (n, d) = (4, 2), and this yields an extension of Z^{12} by Z in P.

2. Simple obstructions

Now let us consider the various known obstructions for a group to lie in P. The first obvious constraint, coming from the fact that any variety admits a finite triangulation, is that the groups in P are finitely presented. A more subtle constraint comes from Hodge theory, which implies that the first Betti number of a smooth projective variety is even (see for example [GH, p. 117] or [KM, p. 115]). Therefore, by Hurewicz’s theorem:

(A^−) If rank(G/[G, G]) is odd, then G /∈ P.

By virtue of (C^+) we obtain a strengthening:

(A^{′−}) If G has a subgroup H of finite index with rank(H/[H, H]) odd, then G /∈ P.

In particular, the free group on n generators F_n is not in P. This is immediate from (A^−) if n is odd. If n is even, let g_1, g_2, . . . , g_n be free generators of F_n. Then the subgroup generated by

g^2_1 , g_2, g_3, . . . , g_n, g_1g_2g^{−1}_1 , g_1g_3g^{−1}_1 , . . . , g_1g_ng^{−1}_1

is a subgroup of finite index that is free on an odd number of generators. This can be seen geometrically as follows. Let X be a bouquet of n circles; its fundamental group is F_n, one generator g_i for each circle. Let X̃ → X be the Z/2Z-covering corresponding to the homomorphism F_n → Z/2Z defined by sending g_1 to 1 and the other generators to 0. Then the image of π_1(X̃) in π_1(X) is the subgroup defined above and the essential loops in X̃ correspond to the given generators.

As a second example, let G be the semidirect product of Z^2 with Z/2Z, where the second group acts on the first through the involution (x, y) → (x, −y). Then G /∈ P since rank(G/[G, G]) = 1. This example shows that the converse of (C^+) is false. It may also be worth remarking that this example is the fundamental group of the Klein bottle.

At this point one might be tempted to speculate that (A^{′−}) is the only obstruction. But now let’s consider a subtler example, the 3 × 3 Heisenberg group H, which is the group of 3 × 3 upper triangular integer matrices with 1’s on the diagonal. The rank of the abelianization of any finite index subgroup is 2. Nevertheless, H /∈ P. We will give several proofs of this. The first, due to Johnson and Rees [JR1], is the simplest. Before indicating the argument, we will recall a few facts about group cohomology (details can be found in [Br]). If M is an abelian group upon which a group G acts, then the cohomology group H^i(G, M) can be defined in an entirely algebraic manner, either explicitly in terms of cocycles or more abstractly via derived functors. When M = R with trivial G action, H^∗(G, R) becomes a graded ring under cup product. If X is a connected topological space, there is a natural ring homomorphism

H^∗(π_1(X), R) → H^∗(X, R),

which is an isomorphism when ∗ = 1, and is an isomorphism for all ∗ provided that the universal cover of X is contractible, in which case X is called a K(π_1(X), 1).

(B^−) (Johnson–Rees) If H^1(G, R) ≠ 0 and the map sq_G : ∧^2H^1(G, R) → H^2(G, R) induced by cup product vanishes, then G /∈ P.

Proof. Suppose G = π_1(X), where X is a smooth projective n-dimensional variety. Then there is an isomorphism H^1(G, R) ∼= H^1(X, R) and sq_G factors through ∧^2H^1(X, R) → H^2(X, R), so it is enough to check that this is nonzero. Given a nonzero class α ∈ H^1(X), there exists by Poincaré duality a β ∈ H^{2n−1}(X) such that α ∪ β ≠ 0. By the Hard Lefschetz theorem [GH, p. 122] we have β = γ ∪ L^{n−1}, where γ ∈ H^1(X) and L is the class of a hyperplane section. Therefore α ∪ γ ≠ 0. □ The cohomology ring of H can be easily computed topologically once one observes that a K(H, 1) is given by {(_{1 x z}

0 1 y 0 0 1 ) | | x, y, z ∈ R } / H. The first and second cohomology groups H are isomorphic to R[dx] ⊕ R[dy] and R[dx ∧ dz] ⊕ R[dy ∧ dz]; in particular sq_H = 0.

3. Groups with more than one end

The fact that F_n is not in P is part of a more general phenomenon that we will explain in this section. If X is a topological space, for any subset K let

E(K) be the set of connected components of X − K with noncompact closure. The number of ends of X is defined as

sup{#E(K) | K ⊆ X compact} ∈ N ∪ {∞}.

Exercise: show that C has one end and R has two.

The number of ends of a finitely generated group G can be defined in a purely group-theoretic fashion as the dimension of a cohomology group

1 + dim H^1(G, Z/2Z[G]).

However, it has a more geometric interpretation. Suppose that X is a simplicial complex upon which G acts freely and simplicially with compact (i.e., finite) quotient. Then the number of ends of G and X coincide. So, for example, as a corollary of the exercise: Z^2 has one end and Z has two.

Given a finite set of generators, there is a classical method for building a space upon which G acts, namely the Cayley graph: the vertices are the elements of the group and two vertices are connected by an edge if one vertex can be obtained from the other by multiplication (on the right, say) by a generator or an inverse of one. This has an obvious left action by G with compact quotient; thus the number of ends of G and its graph are the same. Let’s consider F_n with its standard generators. Its Cayley graph is an infinite tree where 2n branches emanate from any vertex. Clearly this space has infinitely many ends when n > 1. More generally, any free product with nontrivial factors other than Z/2Z∗ Z/2Z has infinitely many ends; the exceptional case has two. The converse of the previous sentence is very close to being true, thanks to a deep theorem of Stallings; see [SW, Section 6] for the precise statement.

Building on work of Gromov [G], Bressler, Ramachandran and the author [ABR] have obtained:

(C^−) If a group has more than one end, it does not lie in P. An extension of a group with infinitely many ends by a finitely generated group does not lie in P.

The first statement implies Gromov’s result [G] (see also [JR1]) that P contains no nontrivial free products. The Heisenberg group H has one end and does not surject onto a group with infinitely many ends, so it is not covered by the above result. As an application of the last part of the above criterion, let’s show that the braid group B_n is not in P. This group can be defined as the fundamental group of the space of n distinct unordered points in the plane R^2 . For other definitions and basic properties see [Bi]. Since B_2 = Z, it cannot lie in P. The standard presentation for B_3 is

⟨s_1, s_2 | s_1s_2s_1 = s_2s_1s_2⟩.

If we set a = s_1s_2 and b = s_1s_2s_1, we get a new presentation B_3 = ⟨a, b | a^3 = b^2⟩. The subgroup N = ⟨a^3⟩ is normal and

B_3/N ∼= Z/2Z∗ Z/3Z

has infinitely many ends; consequently B_3 /∈ P. Let P_n be the pure braid group. This is the fundamental group of the space X_n of n ordered points in R^2 . It is a subgroup of finite index in B_n, so it suffices to show that P_n /∈ P when n > 3. Note that the image of P_3 in B_3/N has infinitely many ends because this property is stable under passage to subgroups of finite index. The projection X_n → X_3 is a fiber bundle and its fiber is homotopic to a finite complex. Thus there is a surjection p : P_n → P_3 with finitely generated kernel. Therefore p^{−1}(N ∩P_3) ⊂ P_n is a finitely generated normal subgroup such that the quotient has infinitely many ends.

4. Rational homotopy

One of the key insights coming from rational homotopy theory is that the algebra of differential forms on a manifold contains a lot more topological information than just the cohomology ring. One can obtain information about all nilpotent quotients of the fundamental group (not just abelian ones). This information can be systematized by replacing G by the inverse limit of all of its nilpotent quotients: Ĝ = lim_← N,

which is called its nilpotent completion. We would like to introduce a coarser construction, the Malcev (or rational nilpotent) completion G, which should be thought of as “Ĝ ⊗ Q ”. Malcev has shown that any finitely generated torsionfree nilpotent group can be embedded as a Zariski dense subgroup of a unipotent linear algebraic group (i.e., an algebraic subgroup of a group of upper triangular matrices) over Q. This leads us to define

G = lim_← U,

where the limit runs over all representations of G into unipotent algebraic groups U defined over Q. As a trivial but instructive example, let G be abelian. Then Ĝ = G and G really is G⊗Q. The prounipotent group G is completely determined by its Lie algebra:

L(G) = Lie(G) = lim_← Lie(U), and this is usually more convenient to work with. L(G) can be topologized by taking the above inverse limit in the category of topological Lie algebras, where each factor Lie(U) is equipped with the discrete topology. These definitions, while efficient, have the disadvantage of making G and L(G) seem mysterious;

they aren’t. They can be realized quite explicitly as subsets of the completion of the group ring Q[G] at its augmentation ideal [Q, Appendix A].

Let’s work out two examples. First we will compute L(H) for the 3 × 3 Heisenberg group. We take U to be the unipotent group of upper triangular 3 × 3 rational matrices. Then the map H → U is an initial object in the above inverse system; therefore G = U and L(H) = Lie(U), the Lie algebra of strictly upper triangular 3 × 3 rational matrices. Next consider the free group F_n on n generators X_1, . . . , X_n. Let FL_n be the free Q-Lie algebra on n generators x_1, . . . , x_n. Let

C^N FL_n = [FL_n, [FL_n, . . . , [FL_n, FL_n], . . . ]] (N + 1 FL_n ’s)

be the N-th term of the lower central series. Then it can be checked that L(F_n) is the completion ^FL_n = lim_← N (FL_n /C^N FL_n)

of the free Lie algebra with respect to the topology determined by the lower central series. The main point is that

X_i → exp(ad(x_i)) ∈ GL(FL_n /C^N FL_n)

determines a cofinal family of unipotent representations of F_n.

We would like to describe the Lie algebra L(G), for arbitrary G, in terms of generators and relations. For generators, choose x_1, x_2, . . . , x_n ∈ L(G) such that they determine a basis of

L(G)/[L(G), L(G)] ∼= (G/[G, G]) ⊗ Q.

These elements will generate a dense subalgebra of L(G); thus we obtain a continuous surjective homomorphism ^FL_n → L(G). Call the kernel I(G) (we’ll suppress the dependence on the x_i). Any element of ^FL_n can be expanded as an infinite series ∑ a_ix_i + ∑ b_{ij} [x_i, x_j ] + ∑ c_{ijk} [x_i, [x_j , x_k]] + · · · .

The degree of the element is the degree of the smallest term—in other words, the length of the shortest commutator appearing in the series. Let I_2(G) be the closed ideal of ^FL_n generated by elements of I(G) of degree 2. The following result of Deligne, Griffiths, Morgan, and Sullivan is the first deep result in this area. (The result as stated here does not appear explicitly in their paper [DGMS], but it is a well known consequence of it. See [CT2] and [M, Section 9, 10] for further discussion.)

(D^−) If for some (any) choice of generators, I(G) ≠ I_2(G) then G /∈ P.

Or, in plain English, the essential relations of L(G), for G ∈ P, are quadratic. One can even say what they are: they are dual (in a natural sense) to the kernel of the map sq_G of Section 2. For example, let G be the fundamental group of a smooth projective curve of genus g. Then L(G) is isomorphic to the quotient of ^FL_{2g} by the quadratic relation g∑ i=1 [x_i, x_{i+g} ] = 0.

Consider the 3 × 3 Heisenberg group. We can choose two generators x_1, x_2 of L(H) corresponding to the matrices with 1’s at (1, 2) and (2, 3), respectively, and zeros elsewhere. Then clearly there aren’t any quadratic relations, although there are cubic ones. Thus again we conclude that H /∈ P. This sort of reasoning allows one to eliminate a lot of nilpotent groups from P, although even for this class the method does not yield a definitive answer. Carlson and Toledo have pointed out to me that the Lie algebra of the 5 × 5 Heisenberg group does in fact have quadratic relations; nevertheless it doesn’t lie in P for other reasons [CT2]. In fact, there are many examples of groups G /∈ P for which L(G) has quadratic relations—for instance, F_n, and less trivially P_n (see [Ko]).

5. Representation varieties

Let Γ be a group generated by finitely many elements γ_1, . . . , γ_n. Giving a representation of Γ into G is the same thing as choosing n elements g_i ∈ G satisfying the relations satisfied by γ_i. Thus, if G is a real algebraic group, the set of representations Hom(Γ, G) carries the structure of a (possibly reducible) real algebraic variety. When Γ ∈ P the local structure of this variety is well understood, thanks to the work of Deligne, Goldman, Milson [GM] and Simpson [S1]:

(E^−) If Γ ∈ P, then X = Hom(Γ, G) has quadratic singularities at points corresponding to semisimple representations. More precisely, the completion of the local ring of X at such a point is isomorphic to the quotient of a formal power series ring by an ideal generated by quadratic polynomials.

There is a strong formal similarity between these results and (D^−), and in fact the proof uses a generalization of the methods of (D^−) to local systems. For the third time, let’s look at the Heisenberg group H. Let G be the group of 3 × 3 upper triangular real matrices. Then the singularity of Hom(H, G) at the trivial representation can be shown to be a cubic cone. Thus H /∈ P.

6. Lattices in Lie groups

While it seems very difficult to characterize all groups in P, a more reasonable problem would be to classify the discrete subgroups of Lie groups that lie in P. In the first section we indicated some positive results in this direction; now we consider some obstructions. But first some terminology. A lattice of a Lie group is a discrete subgroup such that the quotient has finite volume with respect to Haar measure (this is certainly the case when the quotient is compact, for example). SO(n, 1) is the group of unimodular matrices preserving the form x^2_1 + · · · + x^2_n − x^2_{n+1}. Using techniques from the theory of harmonic maps, Carlson and Toledo [CT] obtain:

(F^−) No cocompact discrete subgroup of SO(n, 1), with n > 2, lies in P.

Note that the symmetric space associated to SO(n, 1) is not Hermitian when n > 2. In fact these authors conjecture that a cocompact lattice in a semisimple group is never in P unless the associated symmetric space is Hermitian. As further evidence, Carlson and Hernandez [CH] show that a lattice in the automorphism group of the Cayley plane does not lie in P.

The strongest results of this sort have been obtained by Simpson [S1] (see also [C]). To state them, we need some more terminology. Let W be a real algebraic group, G the associated complex group and σ the complex conjugation of G corresponding to W . A Cartan involution is an automorphism C of G such that C^2 = 1, τ = Cσ = σC, and the set of τ-fixed points of G is a compact group that meets every component G. The group W is of Hodge type if there is a γ in the identity component of G such that x → γxγ^{−1} is a Cartan involution (this is equivalent to Simpson’s definition [S1, Section 4.42]). For example, Sp(2n, R) is of Hodge type, for we can take γ = ( 0 I −I 0 ) . The group of τ-fixed points on the associated complex group Sp(2n, C ) is

Sp(2n, C ) ∩ SU(2n).

A list of simple groups of Hodge type can be found in [S1, pp. 50-51]. SL_n(R) is not of Hodge type as soon as n ≥ 3. The most important (and motivating) examples of groups of Hodge type are the Zariski closures of the monodromy groups of complex variations of Hodge structure. This gives another explanation of why Sp(2n, R) is of Hodge type: namely, it is the (real) Zariski closure of the monodromy group of the variation of Hodge structure associated to the first cohomology of a family of n-dimensional abelian varieties. Simpson shows that any representation of the fundamental group of a smooth projective variety into a reductive group can be deformed into one coming from a variation of

Hodge structure. In particular, if the given representation is rigid, in the sense that every nearby representation is conjugate to it, then it must be conjugate to one coming from a variation of Hodge structure. Thus if the image of the representation is Zariski dense (which would be the case if it were a lattice) the target group must be of Hodge type. Therefore:

(G^−) If Γ is a rigid lattice in a reductive real algebraic group that is not of Hodge type, Γ /∈ P.

To apply this, one needs to be able to check that a given lattice is rigid. Fortunately there are a number of rigidity theorems in existence; they are summarized in [S1, p. 53]. In particular SL_n(Z) is rigid when n ≥ 3, so it cannot lie in P. (Neither does SL_2(Z), but one must appeal to (C^−) in this case.) Note also that SO(n, 1) is of Hodge type when n is even, so that (G^−) does not imply (F^−).

The above results were concerned with lattices in reductive groups. Now let’s look at opposite end of the spectrum, namely lattices in nilpotent or, more generally, solvable Lie groups. A lattice in a nilpotent Lie group is finitely generated and nilpotent as a discrete group, and conversely any finitely generated torsion-free nilpotent group is such a lattice by Malcev’s theorem. We have already mentioned in (I^+) that it had been expected that such groups cannot lie in P unless they are abelian. At the moment the situation regarding which nilpotent groups lie in P is somewhat murky, but hopefully a clearer picture will emerge with time. For the state of the art, see [CT2] and [CT3].

Now let us turn to solvable groups. A lattice in a solvable Lie group is solvable as a discrete group, and moreover satisfies a noetherian condition that all of its subgroups are finitely generated. A group satisfying these conditions is called polycyclic (we’re taking this as the definition for simplicity; the usual one is different although equivalent). Nori and the author [AN] have shown that the problem of understanding polycyclic groups in P reduces to the previous one:

(H^−) If a polycyclic group lies in P, it contains a nilpotent group of finite index.

Let’s consider the following example. An action of Z^2 on itself is determined by specifying two commuting automorphisms T_i ∈ GL_2(Z). For simplicity, let T_2 = I and let G be the semidirect product of Z^2 with itself using this action. Then G is polycyclic. Using (H^−) and (A^−), one can check that G /∈ P unless T_1 has finite order. When T_1 has finite order, it is not too hard to see that G can be realized as the fundamental group of one of the bielliptic surfaces listed in [Be, pp. 113-114]. Thus G ∈ P.

7. Maps to curves

In recent years a number of remarkable results have been obtained that fit into the following general pattern:

If the fundamental group of smooth projective variety satisfies some suitable hypothesis (say ♦) the variety maps onto curve of genus 2 or more.

In keeping with the aims of these notes, we will concentrate on the grouptheoretic consequences. For the sake of expedience let’s call a group “curvedominating” if it possesses a surjective homomorphism onto

Γ_g = ⟨a_1, a_2, . . . , a_{2g} | [a_1, a_{g+1}], . . . , [a_g , a_{2g}] = 1⟩

for some g ≥ 2. Thus any group in P satisfying (♦) must be curve-dominating. Now let’s look at some specific instances.

In Section 3 we saw that P does not contain nontrivial free products. However, it does contain amalgamated free products. For example, Γ_{g+h} is a free product of Γ_g and Γ_h amalgamated over Z (this can seen by decomposing a curve of genus g + h into a connected sum of curves of genus g and h). Call an amalgamated free product G_1 ∗_K G_2 proper if the index of K is at least 2 in one of the factors and 3 in the other. Gromov and Schoen [GS, 9.1] have proved:

(I^−) Any proper amalgamated free product contained in P is curve-dominating.

Put another way: a proper amalgamated free product cannot lie in P unless it’s curve-dominating. For example, if G and H are perfect (equal to their commutator subgroups), a proper amalgamated free product G∗_K H can never lie in P. Conversely, Mohan Ramachandran has pointed out to me that any curvedominating group is a proper amalgamated free product. Thus this characterizes curve-dominating elements in P. To see this, let G → Γ_{g+h} be a surjection with g, h ≥ 1. If we decompose Γ_{g+h} into an amalgamated free product as above, we obtain G ∼= G_1 ∗_K G_2, where G_1, G_2 and K are the preimages of Γ_g, Γ_h and Z respectively.

The second result of this kind is due, independently, to Green and Lazarsfeld [GL] and Gromov [G]:

(J^−) Let G ∈ P have a presentation with at least two more generators than relations. Then G is curve-dominating; in fact it surjects onto Γ_g, where g is the rank of the abelianization of G.

This puts a strong restriction on the groups in P with a small number of relations. We have already seen than that P contains no groups without relations (free groups), but P does contain groups with a single defining relation, namely the Γ_g’s. Are there any others? I will not venture to guess at this point; however, the previous results yield some nice restrictions.

Lemma. Suppose that

G = ⟨x_1, x_2, . . . , x_n | R(x_1, . . . , x_n)⟩ ∈ P with n > 2. Then

1) n is even.

2) Each x_i occurs at least once in the word R and the number of occurrences of x_i and x^{−1}_i coincide.

3) G surjects onto Γ_g with g = n/2.

Proof. (B^−) implies that H^2(G, R) ≠ 0. By a theorem of Lyndon [L, 11.4], this cohomology group is nonzero if and only if each exponent e_i = 0, where e_i is the difference between the number of occurrences of x_i and x^{−1}_i in R. Therefore the image of R in the abelianization vanishes. Consequently n is the rank of the abelianization, and so (1) and (3) follow from (A^−) and (J^−). Finally, if some x_i did not occur in R, then G could be decomposed into a free product of the groups generated by x_i and by the remaining variables. But this would contradict the results of Section 3. □ To bring this section to a close, we give a necessary and almost sufficient homological condition for a group in P to be curve-dominating. For any group G, we recall that H_1(G^′, Q) =

G^′ G^{′′}

⊗ Q, where G^′ = [G, G].

(K^−) If G ∈ P is curve-dominating then

dim H_1(G^′, Q) = ∞.

Conversely, if this space is infinite-dimensional, G contains a curve-dominating subgroup of finite index.

This follows from the corollary in [A, p. 313]. (Actually, the corollary is misstated there. It should read: if X maps onto a curve of genus at least two then dim H_1(π_1(X)^′, Q) = ∞, and if dim H_1(π_1(X)^′, Q) = ∞ then there is a finite sheeted abelian cover that maps onto a curve of genus at least two.)

8. Complex manifolds

In this final section we will indicate the situation for general complex manifolds. For arbitrary manifolds there are no restrictions: Taubes [Ta] has shown that any finitely presented group can occur as the fundamental group of some three-dimensional compact complex manifold. The story for Kähler manifolds is almost identical to the algebraic one; in fact all the results stated previously are known to show that a given group is (or is not) the fundamental group of a compact Kähler manifold. Such groups are called Kähler groups; Clearly any group in P is a Kähler group. The converse is unknown, and would be very hard to disprove. If one were to try, it would be a good idea to first discover a property about P that is proved by methods peculiar to projective algebraic geometry (such as slicing by hyperplanes, or changing the field of definition). We will mention one such property, whose proof will appear in [AN], which gives a strengthening of (H^−). The proof is arithmetic in nature and we don’t know whether the result holds for Kähler groups.

(L^−) If G ∈ P is a solvable group that admits a faithful finite dimensional representation over a field of characteristic 0, then G contains a nilpotent subgroup of finite index.

Let’s look at a concrete example. Let p ∈ Z be a prime and let G be the group of matrices of the form 1 ∗ ∗ ∗ 0 ∗ ∗ ∗ 0 0 ∗ ∗ 0 0 0 1 ,

where the entries lie in Z[1/p] with units on the diagonal. G turns out to be finitely presented [Ab]; however, it contains no nilpotent groups of finite index, so G /∈ P. This can also be deduced from a theorem of Simpson [S2] that implies the validity of a conjecture of Beauville and Catanese for smooth projective varieties. A weak form of this conjecture states that the set of line bundles with nonzero first cohomology in Pic^0 of a variety is either infinite or consists of torsion points. It can be checked that, were a smooth projective variety with fundamental group G to exist, it would be a counterexample to this conjecture. Neither argument applies to nonalgebraic manifolds. Is it possible that G is a Kähler group?

References

[A] D. Arapura, Higgs line bundles, Green–Lazarsfeld sets, and maps of Kähler manifolds to curves, Bull. Amer. Math. Soc. (1992).

[Ab] H. Abels, An example of a finitely presented solvable group, Homological group theory, 1977, London Math. Soc. Lecture Note Ser. 36, 1979.

[ABR] D. Arapura, P. Bressler, and M. Ramachandran, On the fundamental group of a compact Kähler manifold, Duke. Math. J. (1993).

[AN] D. Arapura and M. Nori, Solvable fundamental groups of algebraic varieties and Kähler manifolds (to appear).

[Be] A. Beauville, Surfaces algébriques complexes, Astérisque 54 (1978). [Bi] J. Birman, Braids, Links and Mapping class groups, Princeton Univ. Press, 1975. [Bo] A. Borel, Compact Clifford–Klein forms of symmetric spaces, Topology (1963). [Br] K. Brown, Cohomology of groups, Springer-Verlag, 1982. [C] K. Corlette, Nonabelian Hodge theory, Proc. Sympos. Pure Math. 54 (1993). [Ca] F. Campana, Remarques sur les groupes de Kähler nilpotents, Preprint (1993). [CH] J. Carlson and L. Hernandez, Harmonic maps from compact Kähler manifolds to exceptional hyperbolic spaces, J. Geom. Analysis (1991).

[CT] J. Carlson and D. Toledo, Harmonic mappings of Kähler manifolds to locally symmetric spaces, Publ. Math. IHES (1989).

[CT2] , Notes on nilpotent Kähler groups, unpublished notes (1992). [CT3] , Quadratic presentations and nilpotent Kähler groups, J. Geom. Analysis (to appear).

[CK] F. Catenese, J. Kollár, et al., Trento examples, Classification of irregular varieties, minimal models and Abelian varieties: Trento, 1990 (E. Ballico et al., ed.), Lecture Notes in Mathematics 1515, Springer, 1992, pp. 133–139.

[De] P. Deligne, Extensions central nonrésiduellement finis de groupes arithmetiques, C.

R. Acad. Sci. Paris Sér. I Math. 287 (1978).

[DGMS] P. Deligne, P. Griffiths, J. Morgan, and D. Sullivan, Real homotopy theory of Kähler manifolds, Invent. Math. (1975).

[G] M. Gromov, Sur le groupe fondamental d’une variété kählerienne, C. R. Acad. Sci.

Paris Sér. I Math. (1988).

[GM] W. Goldman and J. Milson, The deformation theory of representations of fundamental groups of compact Kähler manifolds, Publ. Math. IHES (1988).

[GL] M. Green and R. Lazarsfeld, Higher obstructions to deforming cohomology groups of line bundles, J. Amer. Math. Soc. (1991).

[GS] M. Gromov and R. Schoen, Harmonic maps into singular spaces and p-adic superrigidity for lattices in groups of rank one, Publ. Math. IHES (1993).

[Hn] R. Hain, Geometry of the mixed Hodge structure of the fundamental group of an algebraic variety, Proc. Sympos. Pure Math., Amer. Math. Soc. (1987).

[JR1] F. Johnson and E. Rees, On the fundamental group of a complex algebraic manifold, Bull. London Math. Soc. (1987).

[JR2] , The fundamental group of an algebraic variety, Lecture Notes in Mathematics, vol. 1474, Springer-Verlag, 1991.

[GH] P. Griffiths and J. Harris, Principles of algebraic geometry, John Wiley, 1978. [GM] P. Griffiths and J. Morgan, Rational homotopy theory, Birkhäuser, 1981. [H] S. Helgason, Differential geometry, Lie groups, and symmetric spaces, Academic Press, 1978.

[KM] K. Kodaira and J. Morrow, Complex manifolds, Holt, Rinehart, Winston, 1971. [Ko] T. Kohno, Holonomy Lie algebras, logarithmic connections and lower central series of fundamental groups, Contemp. Math. 90 (1989).

[L] R. Lyndon, The cohomology of a group with a single defining relator, Ann. Math (1950).

[M] J. Morgan, The algebraic topology of smooth algebraic varieties, Publ. Math. IHES (1978).

[Mi] J. Milnor, Morse theory, Princeton Univ. Press (1963). [Q] D. Quillen, Rational homotopy theory, Ann. Math (1969).

[S] J.-P. Serre, Sur la topologie des variétés algébriques en charactéristique p, Symposium Internacional de Topologia Algebraica, Universidad Nacional Autonoma de Mexico, 1958, pp. 24–53.

[S1] C. Simpson, Higgs bundles and local systems, Publ. Math. IHES (1993). [S2] , The moduli space of rank local systems, Ann. Sci. École Norm. Sup. (4) (1993).

[Se1] A. Selberg, Discontinuous groups on higher dimensional symmetric spaces, Contributions to function theory, Tata Inst. (1960).

[SV] A. Sommese and A. van de Ven, Homotopy groups of pullbacks of varieties, Nagoya Math. J. (1986).

[SW] G. Scott and C. Wall, Topological methods in group theory, London Math. Soc. Lecture Note Ser. 36 (1979).

[T1] D. Toledo, Examples of fundamental groups of compact Kähler manifolds, Bull. London Math. Soc. (1990).

[T2] , Projective varieties with nonresidually finite fundamental group, Publ. Math.

IHES (1993).

[Ta] C. Taubes, The existence of anti-selfdual conformal structures, J. Differential Geom.

(1992).

Donu Arapura Department of Mathematics Purdue University West Lafayette IN 47907 E-mail address: dvb@math.purdue.edu