Random Matrices and Their Applications MSRI Publications Volume 40, 2001

Hankel Determinants as Fredholm Determinants

ESTELLE L. BASOR, YANG CHEN, AND HAROLD WIDOM

Abstract. Hankel determinants which occur in problems associated with orthogonal polynomials, integrable systems and random matrices are computed asymptotically for weights that are supported in an semi-infinite or infinite interval. The main idea is to turn the determinant computation into a random matrix “linear statistics” type problem where the Coulomb fluid approach can be applied.

1. Introduction

Let w be a weight function supported on L (a subset of R ) that has finite moments of all orders

μ_n = ∫ L x^nw(x) dx. With w(x) we associate the Hankel matrix (μ_{i+j} ), where i, j = 0, . . . , n−1. The purpose of this paper is the determination of

D_n[w] := det(μ_{i+j} )^{n−1}_{i,j=0}

for large n with suitable conditions on w. If L is a single interval, say [−1, 1], then the asymptotic form of such determinants was computed by Szegö [1918] and later by Hirschmann [1966] for quite general w.

Our main result is as follows. Suppose we replace w(x) by a function given in the form w_0(x)U(x) where w_0(x) is the weight e^{−x}x^ν . Then for appropriate functions w, the determinants are given asymptotically as n → ∞ by

D_n[w] = exp ( c_1n^2 log n+c_2n^2 +c_3n log n+c_4n+c_5n^{1/2} +c_6 log n+c_7 +o(1) ) (1)

Basor was supported in part by NSF Grants DMS-9623278 and DMS-9970879. Widom was supported in part by NSF Grant DMS-9732687 and EPSRC Visiting Fellowship Grant GR/M16580. 21 where

c_1 = 1, c_2 = −3/2, c_3 = ν, c_4 = −ν + log 2π,

c_5 = 2 π ∫_∞ 0 log(U(x^2)) dx, c_6 = ν^2/2 − 1/6,

c_7 = 4/3 log G(1/2) + (1/3 + ν/2) log π + (ν/2 − 1/18) log 2

− log G(1 + ν) − (ν/2) log U(0) + 1 2π^2 ∫_∞ 0 xS(x)^2 dx, S(x) = ∫_∞ 0 cos(xy) log U(y^2) dy,

and G is the Barnes function (see Section 2).

In Section 2 we establish an identity relating D_n[w], D_n[w_0], and a certain Fredholm determinant and a description of the Fredholm determinant from a “linear statistics” point of view. A computation of D_n[w_0] is also included. Then in Section 3 the Coulomb fluid approach is used to compute the asymptotics of the Fredholm determinant. This, along with the computation of D_n[w_0] allows us to give a heuristic, Coulomb fluid derivation of the formula. A rigorous proof based on operator theory techniques developed in [Basor 1997; Tracy and Widom 1994] will appear in a forthcoming paper. In Section 3 the Hermite case is also included.

2. Preliminaries

Let p_i(x) be polynomials orthonormal with respect to w_0(x) (the reference weight function) over L ∫ L p_i(x)p_j (x)w_0(x) dx = δ_{i,j} , with strictly positive leading coefficients. For later convenience we also write ϕ_j = √ w_0p_j as the orthonormal functions. Consider the determinant, det (∫ L p_i(x)p_j (x)w(x) dx )_{n−1} i,j=0 . If p_i(x) = ∑_i j=0 c_{ij} x^j , then det (∫ L p_ip_j w dx )_{n−1} i,j=0 = det (∫ L i∑ k=0 j∑ l=0 c_{ik}c_{jl}x^{k+l}w dx )_{n−1} i,j=0 = (_{n−1}∏ i=0 c_{ii} )_2 det (∫ L x^{j+k}w dx )_{n−1} j,k=0 = (_{n−1}∏ i=0 c_{ii} )_2 det (μ_{j+k})^{n−1}_{j,k=0} . (2)

If w = w_0 then the left side of (2) is 1. So, det (∫ L p_ip_j w dx )_{n−1} i,j=0 = det (μ_{i+j} )^{n−1}_{i,j=0} det ( μ^0_{i+j} )_{n−1} i,j=0 = D_n[w] D_n[w_0]

, (3)

where μ^0_i := ∫ L x^iw_0 dx, are the moments of the reference weight w_0, and

D_n[w_0] = 1 (_{n−1}∏ i=0 c_{ii} )_2 .

We now express the left side of (3) as a Fredholm determinant. det (∫ L p_ip_j w dx ) = det (∫ L ϕ_iϕ_j ( 1 − ( 1 − w w_0 )) dx )

= det(δ_{i,j} − M_{i,j} ), where M_{i,j} := ∫ L ϕ_iϕ_j (1 − w/w_0) dx =: ∫ L ϕ_iϕ_j F dx = ∫ L ϕ_iϕ_j (1 − U) dx. We have the standard expansion

− log det(δ_{i,j} − M_{i,j} ) = ∞∑ p=1 tr M^p_{p ,}

where the matrix M has elements M_{i,j} . To compute tr M^p, we first look at the simpler case of p = 3. We see that tr M^3 equals n−1∑ i,j,k=0 M_{i,j} M_{j,k}M_{k,i}

= ∫ dX n−1∑ i,j,k=0 ϕ_i(x_1)ϕ_j (x_1)F (x_1)ϕ_j (x_2)ϕ_k(x_2)F (x_2)ϕ_k(x_3)ϕ_i(x_3)F (x_3)

= ∫ dX F (x_1)F (x_2)F (x_3) n−1∑ i=0 ϕ_i(x_3)ϕ_i(x_1) n−1∑ j=0 ϕ_j (x_1)ϕ_j (x_2) n−1∑ k=0 ϕ_k(x_2)ϕ_k(x_3)

= ∫ dX K_n(x_1, x_2)K_n(x_2, x_3)K_n(x_3, x_1)F (x_1)F (x_2)F (x_3),

where ∫ dX stands for ∫ L · · · ∫ L dx_1 dx_2 dx_3 and where K_n(x, y) := n−1∑ i=0 ϕ_i(x)ϕ_i(y) = a_n ϕ_n(x)ϕ_{n−1}(y) − ϕ_n(y)ϕ_{n−1}(x) x − y . (4)

The last equality of (4) is the Christoffel–Darboux formula [Szegő 1975] and a_n are the off diagonal recurrence coefficients of p_i. The generalization to integer p is obvious and we find,

tr M^p = tr(KnF )^p,

where the operator K_nF has kernel K_n(x, y)F (y). So

det(δ_{i,j} − M_{i,j} ) = det(I − K_nF ), (5)

and I in (5) has kernel δ(x − y). We now come to the linear statistics.

If x_i, for i = 1, . . . , n, are random variables with the joint probability density function p(x_1, . . . , x_n) ∝ n∏ i=1 w_0(x_i) ∏ 1≤j,k≤n |x_j − x_k|^2, x_i ∈ L, (6) then Q = ∑_n i=1 f(x_i) (the linear statistics) is also a random variable. Consider the generating function of Q, ⟨exp(−Q)⟩, where ⟨(. . .)⟩ := ∫ L . . . ∫ L(. . .)p(x_1, . . . , x_n) dx_1 . . . dx_n ∫ L . . . ∫ L p(x_1, . . . , x_n) dx_1 . . . dx_n . Recall the Heine formula [Szegő 1975] for Hankel determinants:

det(μ_{i+j} )^{n−1}_{i,j=0} = 1 n! ∫ L . . . ∫ L dx_1 . . . dx_n n∏ i=1 w(x_i) ∏ 1≤j,k≤n |x_j − x_k|^2, (7)

and the analogous one with μ_{i+j} replaced by μ^0_{i+j} and w replaced by w_0. If we write w = exp(−v), w_0 = exp(−v_0) and v = v_0 + f then

D_n[w] = det(μ^0_{i+j} )^{n−1}_{i,j=0}⟨exp(−Q)⟩ = D_n[w_0]⟨exp(−Q)⟩. (8)

In this notation f(x) = − log U(x). So our strategy is to choose a suitable w_0 for which there is exact result for D_n[w_0], and compute ⟨exp(−Q)⟩ as a Fredholm determinant for n large. In the next section we will use a heuristic method to give an indication how the results for ⟨exp(−Q)⟩ for large n can be found. If we take w_0(x) = x^ν exp(−x), ν > −1 and L = [0, ∞) then p_i(x) are the orthonormal Laguerre polynomials. It is well known [Szegő 1975] that

c^2_{ii} = 1 Γ(1 + i + ν)Γ(1 + i) . So D_n[w_0] = n−1∏ i=0 Γ(1 + i + ν)Γ(1 + i) =

G(n + ν + 1)

G(ν + 1)

G(n + 1) G(1)

, (9)

where the Barnes function G [Barnes 1900; Whittaker and Watson 1962] satisfies the functional equation G(z+1) = Γ(z)G(z), with the initial condition G(1) = 1. The asymptotics of the Barnes function are computed in [Whittaker and Watson 1962] and since G(1 + a + n) is asymptotic to

n^{(n+a)2/2−1/12}e^{−3/4n2−an}(2π)^{(n+a)/2}G^{2/3}(1/2)π^{1/6}2^{−1/36} we can directly apply this formula with a = 0 and a = ν to obtain asymptotically

D_n[w_0] = exp { d_1n^2 log n+d_2n^2 +d_3n log n+d_4n+d_5 log n+d_6 +o(1) } (10)

where d_1 = 1, d_2 = −3/2, d_3 = ν, d_4 = −ν + log 2π, d_5 = ν^2/2 − 1/6, d_6 = (4/3) log G(1/2) + (1/3 + ν/2) log π + (ν/2 − 1/18) log 2 − log G(1 + ν).

3. The Coulomb Fluid Method

For suitably chosen f, ⟨ exp(−Q) ⟩ for large n was computed in [Chen and Lawrence 1998] starting from the Heine formula. An alternative and shorter derivation is given here. Now if Q is in some sense “small” then by expanding up to Q^2, we have, ⟨ exp(−Q) ⟩ ≈ 1 − ⟨Q⟩ +^1_2 ⟨Q^2⟩. This can be reproduced by expanding exp ( −⟨Q⟩ − ( ⟨Q⟩^2 − ⟨Q^2⟩ ) 2 ) , up to ⟨Q^2⟩ and ⟨Q⟩^2. With the introduction of the microscopic density ϱ(x) := ∑_n i=1 δ(x − x_i), one finds ⟨Q⟩ = ∫ L f(x)⟨ϱ(x)⟩ dx, ⟨Q⟩^2 − ⟨Q^2⟩ = ∫ L ∫ L f(x) (⟨ϱ(x)⟩⟨ϱ(y)⟩ − ⟨ϱ(x)ϱ(y)⟩) f(y) dx dy. In the Coulomb fluid approach, expected to be valid for large n, we replace ⟨ϱ(x)⟩ by the equilibrium density σ(x), which is supposed to be supported in a single interval (a, b). It is then a simple exercise to show that the correlation function ⟨ ϱ(x) ⟩⟨ ϱ(y) ⟩ − ⟨ ϱ(x)ϱ(y) ⟩ is replaced by 1 2π^2 √ (b − x)(x − a) ∂ ∂y ( √ (b − y)(y − a) x − y ) . Therefore, ⟨ exp(−Q) ⟩ ∼ exp(−S_1 − S_2), (11) where

S_1 = 1 4π^2 ∫_b a ∫_b a f(x) √ (b − x)(x − a) ∂ ∂y (√ (b − y)(y − a) x − y ) f(y) dx dy,

S_2 = ∫_b a σ(x)f(x) dx. The end points of the interval, a and b, are determined by the normalization condition ∫_b a σ(x) dx = n and a supplementary condition [Chen and Lawrence 1998].

So the constants c_i, i = 1, . . . , 6 and part of c_7 are obtained from the asymptotic expansion of D_n[w_0] while c_5 and the last two terms of c_7 are obtained from the large n behaviour of S_2 and S_1 respectively. For w_0(x) = x^ν exp(−x), x ≥ 0 it is known that a = 0, b = 4n + 2ν and

σ(x) = −νδ_+(x) + 1 2π √ b − x x , 0 ≤ x < b. So, S_2 = − ν 2 f(0) + 1 2π ∫_b 0 f(x) √ b − x x dx → ν 2 log U(0) −

2n^{1/2} π ∫_∞ 0 log U(x^2) dx, as n → ∞. (12)

As n → ∞, S_1 tends to 1 4π^2 ∫_∞ 0 ∫_∞ 0 f(x) √ x f(y) ∂ ∂y √ y x − y dx dy. Changing the integration variables x = s^2, y = t^2 and noting − 1 2 ∫_∞ −∞ |x| exp[−ixt] dx = 1 t^2 , we find

S_1 → − 1 2π^2 ∫_∞ 0 x (∫_∞ 0 log U(s^2) cos(xs)ds

)_2 dx = − 1 2π^2 ∫_∞ 0 xS(x)^2 dx. (13)

Therefore (1) follows from (10), (12) and (13).

We can also make use of the above information to determine the recurrence coefficients of the monic polynomials P_j (x), orthogonal with respect to x^ν exp(−tx)U(x). The parameter t is introduced for later convenience. The recurrence relations reads

xP_n(x) = P_{n+1}(x) + α_n(t)P_n(x) + β_n(t)P_{n−1}(x).

From the basic properties of the Hankel determinant generated by the weight w(x, t) = x^ν exp(−tx)U(x), one finds

α_n(t) = − d dt ln D_{n+1}(t) D_n(t) , β_n(t) =

D_{n+1}(t)D_{n−1}(t) ( D_n(t) )_2 , where D_n(t) = D_n[w( · , t)]. With the asymptotics, we find, as n → ∞, that

α_n(1) = 2n + ν + 1 − ( 1 π ∫_∞ 0 log U(x^2) dx ) n^{−1/2} + o(1)

β_n(1) = n^2 + νn − ( 1 2π ∫_∞ 0 log U(x^2) dx ) n^{1/2} + o(1),

are the recurrence coefficients of those monic polynomials orthogonal with respect to w(x) = x^ν exp(−x)U(x). As a further application of the asymptotic formula, we study the short noise generating function of an n-channel disordered conductor [Muttalib and Chen 1996] where the f of the linear statistics is

f(x) := M ln x + z x + 1 , |z| = 1. As n → ∞, S_1 tends to

−M^2 log √ z + 1 2z^{1/4} , while S_2 tends to νM 2 log z + 2 √ nM(1 − √ z). This generalises the results of [Muttalib and Chen 1996] to ν ≠ 0.

Now suppose w is supported in (−∞, ∞). We adopt the same strategy to determine the large n behaviour of the associated Hankel determinant:

D_n[w] = D_n[w_0] D_n[w] D_n[w_0] , where the “reference” Hankel determinant is generated by the Hermite weight w_0(x) = exp(−x^2), where x ∈ (−∞, ∞). Now a = −b = − √ 2n and σ(x) = 1 π √ x^2 − b^2. Thus, as n → ∞, D_n[u] D_n[w_0]

∼ exp(−S_1 − S_2),

where S_1 = − 1 8π^2 ∫_∞ −∞ |k|f̂(−k)f̂(k) dk S_2 = √ 2n π ∫_∞ −∞ f(x) dx. (14)

Here f̂(k) = ∫_∞ −∞ exp(ikx)f(x) dx. Equations (14) are essentially those found by Kac and by Akhiezer [Akhiezer 1964]. Therefore the large n behaviour of D_n[w] follows from D_n[w_0] = (2π)^{n/2}2^{−n2/2}G(n + 1),

the asymptotics of the Barnes function, and Equation (14).

Acknowledgement

Part of this work was performed when the authors were participating in the programme on Random Matrices and their Applications at the MSRI, Berkeley. The authors thank Prof. D. Eisenbud for the hospitality of the Institute, and the organizers, Profs. P. Bleher and A. Its, for their invitation, which made this collaboration possible.

References

[Akhiezer 1964] N. I. Akhiezer, “Continual analogue to some theorems on Toeplitz matrices”, Ukrain. Mat. Zh. 16 (1964), 445–462. In Russian; translated in Amer. Soc. Trans. Series (2) 50 (1964), 295–316.

[Barnes 1900] E. W. Barnes, “The theory of the G-function”, Quart. J. Pure and Appl.

Math. 31 (1900), 264–313.

[Basor 1997] E. L. Basor, “Distribution functions for random variables for ensembles of positive Hermitian matrices”, Comm. Math. Phys. 188:2 (1997), 327–350.

[Chen and Lawrence 1998] Y. Chen and N. Lawrence, “On the linear statistics of Hermitian random matrices”, J. Phys. A 31:4 (1998), 1141–1152.

[Hirschman 1966] I. I. Hirschman, Jr., “The strong Szegö limit theorem for Toeplitz determinants”, Amer. J. Math. 88 (1966), 577–614.

[Muttalib and Chen 1996] K. A. Muttalib and Y. Chen, “Distribution function for shot noise in Wigner-Dyson ensembles”, Internat. J. Modern Phys. B 10:16 (1996), 1999–2006.

[Szegő 1918] G. Szegő, “A Hankel-féle formákról”, Mathematikai és Természettudományi Értesétő 36 (1918), 497–538. Translated as “Hankel forms”, Amer. Math. Soc. Transl. (2) 108 (1977), 1–36; reprinted as pp. 113–148 in his Collected papers, v. 1, 1915–1927, edited by R. Askey, Birkhäuser, Boston, 1982.

[Szegő 1975] G. Szegő, Orthogonal polynomials, 4th ed., Colloquium Publications 23, Amer. Math. Soc., Providence, 1975.

[Tracy and Widom 1994] C. A. Tracy and H. Widom, “Fredholm determinants, differential equations and matrix models”, Comm. Math. Phys. 163:1 (1994), 33–72.

[Whittaker and Watson 1962] E. T. Whittaker and G. N. Watson, A course of modern analysis, 4th ed., Cambridge University Press, New York, 1962.

Estelle L. Basor Department of Mathematics California Polytechnic State University San Luis Obispo, CA 93407 United States

ebasor@calpoly.edu

Yang Chen Department of Mathematics Imperial College 180 Queen’s Gate London SW7 2BZ United Kingdom

y.chen@ic.ac.uk

Harold Widom Department of Mathematics University of California Santa Cruz, CA 96054 United States

widom@cats.ucsc.edu