Random Matrices and Their Applications MSRI Publications Volume 40, 2001

The ø -Function for Analytic Curves

I. K. KOSTOV, I. KRICHEVER, M. MINEEV-WEINSTEIN, P. B. WIEGMANN, AND A. ZABRODIN

Abstract. We review the concept of the ø-function for simple analytic curves. The ø-function gives a formal solution to the two-dimensional inverse potential problem and appears as the ø-function of the integrable hierarchy which describes conformal maps of simply-connected domains bounded by analytic curves to the unit disk. The ø-function also emerges in the context of topological gravity and enjoys an interpretation as a large

N limit of the normal matrix model.

1. Introduction

Recently, it has been realized [1; 2] that conformal maps exhibit an integrable structure: conformal maps of compact simply connected domains bounded by analytic curves provide a solution to the dispersionless limit of the two-dimensional Toda hierarchy. As is well known from the theory of solitons, solutions of an integrable hierarchy are represented by τ-functions. The dispersionless limit of the τ-function emerges as a natural object associated with the curves. In this paper we discuss the τ-function for simple analytic curves and its connection to the inverse potential problem, area preserving diffeomorphisms, the Dirichlet boundary problem, and matrix models.

2. The Inverse Potential Problem

Define a closed analytic curve as a curve that can be parametrized by a function z ≡ x+iy = z(w), analytic in a domain that includes the unit circle |w| = 1. Consider a closed analytic curve γ in the complex plane and denote by D_+ and D_− the interior and exterior domains with respect to the curve. The point z = 0 is assumed to be in D_+. Assume that the domain D_+ is filled homogeneously with electric charge, with a density that we set to 1. The potential Φ created by 285

286 KOSTOV, KRICHEVER, MINEEV-WEINSTEIN, WIEGMANN, AND ZABRODIN

the charge obeys the equation

− ∂_z∂_{z̄} Φ(z, z̄) = { 1 if z = x + iy ∈ D_+, 0 if z = x + iy ∈ D_−.

(2–1)

The potential Φ can be written as an integral over the domain D^+: Φ(z, z̄) = − 2 π ∫ D+ d^2z^′ log |z − z^′| (2–2)

In the exterior domain D_−, the potential is the harmonic function whose asymptotic expansion as z → ∞ is given by

Φ^−(z, z̄) = −2t_0 log |z| + 2 Re ∑ k>0 v_k k z^{−k}, (2–3)

where v_k = 1 π ∫ D+ z^kd^2z (k > 0) (2–4)

are the harmonic moments of the interior domain D_+ and

πt_0 = ∫ D+ d^2z

is its area. In the interior domain D_+, the potential (2–2) is equal to a function Φ^+, which is harmonic up to the term −|z|^2. The expansion of this function around z = 0 is Φ^+(z, z̄) = −|z|^2 − v_0 + 2 Re ∑ k>0 t_kz^k. (2–5)

Here t_k = − 1 πk ∫ D_− z^{−k}d^2z (k > 0) (2–6)

are the harmonic moments of the exterior domain D_− and

v_0 = 2 π ∫ D+ log |z| d^2z. The two sets of moments (2–4) and (2–6) are related by the conditions Φ^+ = Φ^− and ∂_z Φ^+ = ∂_zΦ^− on the curve γ.

The inverse potential problem is to determine the form of the curve γ given one of the functions Φ^+ or Φ^−, i.e., given one of the infinite sets of moments. We will choose as independent variables the area πt_0 and the moments of the exterior t_k, for k ≥ 1. Under certain conditions, they completely determine the form of the curve as well as the moments v_k, for k ≥ 0 [3]. More precisely, {t_k}^∞_{k=0} is a good set of local coordinates in the space of analytic curves. For simplicity we assume in this paper that only a finite number of t_k are nonzero. In this case the series (2–5) is a polynomial in z, z̄ and, therefore, it gives the function Φ^+ for z ∈ D_+. Note that t_0, v_0 are real quantities while all other moments are in general complex variables.

THE ø-FUNCTION FOR ANALYTIC CURVES 287

3. Variational Principle

Consider the energy functional describing a charge with a density ρ(z, z̄) in the background potential created by the homogeneously distributed charge with the density +1 inside the domain D_+ (2–1): E{ρ} = − 1π_2 ∫∫ d^2z d^2z^′ ρ(z, z̄) log |z − z^′| ρ(z^′, z̄^′) − 1 π ∫ d^2z ρ(z, z̄) Φ(z, z̄). The first term is the two-dimensional “Coulomb” energy of the charge while the second one is the energy due to the background charge. Clearly, the distribution of the charge neutralizing the background charge gives the minimum to the functional: ρ_0 = −1 inside the domain and ρ_0 = 0 outside. At the minimum the functional is equal to minus electrostatic energy E of the background charge : −E = min_ρE{ρ} = 1 π^2 ∫ D+ d^2z ∫ D+ d^2z^′ log |z − z^′| = − 1 2π ∫ D+ d^2z Φ(z, z̄). Varying over ρ and then setting ρ = −1 inside the domain, we obtain (2–5).

The first corollary of the variational principle is that the E is a potential function for the moments. Equation (2–5) suggests treating v_0 and t_k as independent variables, so moments of the interior, v_k, k ≥ 1, and t_0 are functions of v_0 and t_k. Differentiate E or −E{ρ} at the extremum with respect to the parameters v_0, t_k. Since ρ_0 minimizes the functional, the derivative is equivalent to the partial derivative of E at the fixed extremum ρ. This gives ∂E ∂t_k = v_k, ∂E ∂t̄_k = v̄_k, ∂E ∂v_0 = −t_0, (3–1)

where the partial derivative with respect to t_k is taken at fixed v_0 and t_j , for j ≠ 0, k. Therefore the differential dE reads dE = ∑ k>0 (v_kdt_k + v̄_kdt̄_k) − t_0dv_0.

The variational principle may be formulated in a number of different ways. One particular variational principle is suggested by the matrix model discussed in Section 9. In this case one considers a charged liquid in the potential

V (z, z̄) = zz̄ + v_0 − ∑ k>0 ( t_kz^k + t̄_kz̄^k ) (3–2)

defined everywhere on the plane and v_0 and t_k are parameters. The energy of the charged liquid, E{ρ, V } = − 1π_2 ∫ d^2z ∫ d^2z^′ ρ(z, z̄) ρ(z^′, z̄^′) log |z −z^′| + 1 π ∫ d^2z ρ(z, z̄) V (z, z̄), (3–3)

288 KOSTOV, KRICHEVER, MINEEV-WEINSTEIN, WIEGMANN, AND ZABRODIN

reaches its minimum if the liquid forms a drop with the density ρ_0 = −1 bounded by the curve determined by parameters of the potential v_0 and t_k. For another version of the variational principle see [4].

4. The ø-Function

It is more natural to treat the total charge t_0 rather than v_0 as an independent variable, i.e., to consider the variational principle at a fixed total charge t_0 = ∫ ρd^2z. This is achieved via the Legendre transformation. Introduce the function F = E + t_0v_0 , whose differential is dF = ∑ k>0 (v_kdt_k + v̄_kdt̄_k) + v_0dt_0.

We define the τ-function as τ = e^F , so that

log τ = 1 2π ∫ D+ d^2z Φ(z, z̄) + t_0v_0 = − 1 π^2 ∫ ∫ D+ log | | 1 z − 1 z^′ | | d^2z d^2z^′. (4–1)

The τ-function is a real function of the moments {t_0, t_1, t_2, . . .}. Under the assumption that only a finite number of them are nonzero, we can substitute (2–5) into (4–1) and perform the term-wise integration. Taking into account that^1_π ∫ D+ |z|^2d^2z =^1_2 t^2_0 +^1_2 ∑ k>0 k(t_kv_k + t̄_kv̄_k) (a simple consequence of the Stokes formula), we get the expression for the τ-function in terms of t_k and v_k:

2 log τ = − 1 2 t^2_0 + t_0v_0 − 1 2 ∑ k>0 (k − 2)(t_kv_k + t̄_kv̄_k).

Rephraising (3–1) we get the main property of the τ-function, which was used in [2] as its definition:

∂ log τ ∂t_k = v_k, ∂ log τ ∂t̄_k = v̄_k, ∂ log τ ∂t_0 = v_0, (4–2)

where the derivative with respect to t_k is taken at fixed t_j (j ≠ k).

Two immediate consequences of the very existence of the potential function are symmetry relations for the moments ∂v_k ∂t_n = ∂v_n ∂t_k , ∂v_k ∂t̄_n = ∂v̄_n ∂t_k and the quasi-homogeneity condition for the τ-function:

4 log τ = −t^2_0 + 2t_0

∂ log τ ∂t_0 − ∑ n>0 (n − 2) ( t_n ∂ log τ ∂t_n + t̄_n ∂ log τ ∂t̄_n ) . Apart from the term −t^2_0, this formula reflects the scaling of moments as z → λz: t_k → λ^{2−k}t_k (k ≥ 0), v_k → λ^{2+k}v_k (k ≥ 1).

THE ø-FUNCTION FOR ANALYTIC CURVES 289

As an illustration we present the τ-function of ellipse [2]. In this case only the first two moments t_1 and t_2 are nonzero:

logτ = − 3 4 t^2_0 + 1 2 t^2_0 log ( t_0 1 − 4|t_2|^2) ) + t_0 1 − 4|t_2|^2 ( |t_1|^2 + t^2_1t̄_2 + t̄^2_1t_2 ) . (The τ-function for the ellipse (at t_1 = 0) appeared in [5] as the limit of the Laughlin wave function or a planar limit of the free energy of normal matrix models; see Section 9.)

5. The Schwarz Function and the Generating Function of the Conformal Map

Consider a univalent conformal map of the exterior domain D_− to the exterior of the unit disk and expand it in a Laurent series: w(z) = 1 r z + ∞∑ j=0 p_j z^{−j} ,

where the coefficient r is chosen to be real and positive. The series for the inverse map (from the exterior of the unit disk to D_−) has a similar form:

z(w) = rw + ∞∑ j=0 u_j w^{−j} . (5–1)

Chosen w on the unit circle, (5–1) gives a parametrization of the curve. By the definition of an analytic curve, the map can be analytically continued to a strip-like neighborhood of the curve belonging to D_+. The continuation is given by the Riemann–Schwarz reflection principle (see [6], for example):

w = (w̄(S(z)))^{−1},

where S(z) is the point reflected relative to the curve, and where the bar notation has the following meaning: Given an analytic function f(z) = ∑ j f_j z^j , we set f̄(z) = ∑_j f̄_j zj . Following [7], we call S(z) the Schwarz function of the curve. We recall its construction. Write the equation for the curve F (x, y) = 0 in complex coordinates, F

(_1 2 (z+z̄),^1_{2i} (z−z̄) ) = 0, and solve it with respect to z̄.

One gets the Schwarz function: z̄ = S(z). The Schwarz function is analytic in a strip-like domain that includes the curve. On the curve the Schwarz function is equal to the complex conjugate argument. The main property of the Schwarz function is the obvious but important unitarity condition S̄(S(z)) = z

290 KOSTOV, KRICHEVER, MINEEV-WEINSTEIN, WIEGMANN, AND ZABRODIN

(the inverse function coincides with the complex conjugate function). In terms of a conformal map the Schwarz function is

S(z) = rw^{−1}(z) + ∞∑ j=0 ū_j w^j (z). (5–2)

Using the Schwarz function one can write the moments of the exterior and the interior domains (2–4), (2–6) as contour integrals

t_n = 1 2πin ∮ γ z^{−n}S(z) dz, v_n = 1 2πi ∮ γ z^nS(z) dz. (5–3) (This follows from the more general statement ∫ D_± f(z) d^2z = ± 1 2i ∮ γ f(z)S(z) dz, where f(z) is an analytic function in the domain D_±.) Equation (5–3) yields the Laurent expansion of the Schwarz function S(z) = ∞∑ k=1 kt_kz^{k−1} + t_0 z + ∞∑ k=1 v_kz^{−k−1}. (5–4)

We now define the generating function Ω(z), related to the Schwarz function by S(z) = ∂_zΩ(z). The latter is given, according to (5–4), by the Laurent series

Ω(z) = ∞∑ k=1 t_kz^k − 1 2 v_0 + t_0 log z − ∞∑ k=1 v_k k z^{−k}. It can be represented as Ω(z) = Ω^{(+)}(z) + Ω^{(−)}(z) −^1_2 v_0, where Ω^{(±)}(z) are analytic in D_±:

Ω^{(+)}(z) = 1 π ∫ D_− log ( 1 − z z^′ ) d^2z^′ = ∞∑ k=1 t_kz^k,

Ω^{(−)}(z) = 1 π ∫ D+ log(z − z^′)d^2z^′ = t_0 log z − ∞∑ k=1 v_k k z^{−k}. From (2–3) and (2–5) we see that Φ^−(z, z̄) = −2 Re Ω^{(−)}(z) and Φ^+(z, z̄) = 2 Re Ω^{(+)}(z) − v_0 − |z|^2. Contrary to the potentials Φ^±, the analytical functions Ω^+ and −Ω^− do not match each other on the curve. The discontinuity gives the value of the generating function restricted to the curve

Ω(z) = 1 2 |z|^2 + 2iA(z), z ∈ γ, where A(z) is the area of the interior domain bound by the ray φ = arg z and the real axis. As a corollary, it is easy to show that variations of the Ω(z) on

THE ø-FUNCTION FOR ANALYTIC CURVES 291

the curve with respect to the real parameters t_0, Re t_k and Im t_k are purely imaginary. This allows one to apply the Riemann–Schwarz reflection principle to analytical continuation of

H_k(z) = ∂_{tk} Ω(z), H̄_k(z) = −∂¯_{tk} Ω(z),

and to prove the fundamental relations

∂_{t0} Ω(z) = log w(z), (5–5)

∂_{tk} Ω(z) = ( z^k(w) ) + +^1_2 ( z^k(w) ) 0, (5–6)

∂¯_{tk} Ω(z) = ( S^k(z(w)) ) − +^1_2 ( S^k(z(w)) ) 0. (5–7)

The symbols (f(w))_± stand for the truncated Laurent series, preserving only terms with positive or negative powers of w, as the case may be; (f(w))_0 is the constant term of the series. The derivatives in (5–5) and (5–7) are taken at fixed z.

To prove (5–5), we first notice that

∂_{t0} Ω(z(w)) = log z −^1_2 ∂_{t0} v_0 + negative powers in z = log wr −^1_2 ∂_{t0} v_0 + negative powers in w.

Independently, one can show that ∂_{t0} v_0 = 2 log r.

Then, using the Riemann–Schwarz reflection principle, we may also write ∂_{t0} Ω(z(w)) in the form ∂_{t0}Ω̄(S(z(w)). Expanding this in S(z) and then using the expansion of (5–2) in w, we have

∂_{t0}Ω̄(S(z(w))) = log S(z) −^1_2 ∂_{t0} v_0 + negative powers in S(z) = log w + positive powers in w.

Comparing both expansions, we conclude that ∂_{t0} Ω(z) = log w(z). Similar arguments are used in the proof of (5–6) and (5–7).

6. Dispersionless Hirota Equation and the Dirichlet Boundary Problem

Using the representation (4–2) of the moments v_k as derivatives of the τfunction, one can express the conformal map w(z) (5–5) through the τ-function:

log w = log z − ∂_{t0} ( 1 2 ∂_{t0} + ∑ k≥1 z^{−k} k ∂_{tk} ) log τ. (6–1)

With the help of the τ-function, equations (5–6) and (5–7) can be similarly encoded as follows:

∂_z∂_ζ log ( w(z)−w(ζ) ) = 1 (z−ζ)^2 + ( ∑ k≥1 z^{−k−1}∂_{tk} )( ∑ n≥1 ζ^{−n−1}∂_{tn} ) log τ, (6–2)

292 KOSTOV, KRICHEVER, MINEEV-WEINSTEIN, WIEGMANN, AND ZABRODIN

− ∂_z∂¯_ζ log ( w(z)w̄(ζ̄) − 1 ) = ( ∑ k≥1 z^{−k−1}∂_{tk} )( ∑ n≥1 ζ̄^{−n−1}∂_{t̄n} ) log τ. (6–3)

The derivation is similar to the one given in [8; 9] for the case of the KP hierarchy. Moreover, these equations in the integrated form are most conveniently written in terms of the differential operators D(z) = ∑ k≥1 z^{−k} k ∂_{tk} , , D̄(z̄) = ∑ k≥1 z̄^{−k} k ∂¯_{tk} . (6–4)

From (6–2) and (6–3) one obtains: log w(z) − w(ζ) z − ζ = −^1_2 ∂^2_{t0} log τ + D(z)D(ζ) log τ, (6–5)

− log ( 1 − 1 w(z)w̄(ζ̄) ) = D(z)D̄(ζ̄) log τ. (6–6)

Combining (6–1) and (6–5), one obtains the dispersionless Hirota equation (or the dispersionless Fay identity) for two-dimensional Toda lattice hierarchy [2]: (z−ζ)e^{D(z)D(ζ) log τ} =ze^{−∂t0 D(z) log τ} −ζe^{−∂t0 D(ζ) log τ} (6–7) This equation, after being expanded in powers of z and ζ, generates an infinite set of relations between the second derivatives ∂_{tn} ∂_{tm} logτ of the τ-function. Using (6–6) instead of (6–5), a similar equation for the mixed derivatives ∂_{tn} ∂¯_{tm} log τ can be written:

1 − e^{−D(z)D̄(ζ̄) log τ} = 1 zζ̄ e^{∂t0 (∂t0 +D(z)+D̄(ζ̄)) log τ}

We conclude this section with two other forms of the dispersionless Hirota equation for the conformal map. They emphasize a relation between the Hirota equation and two fundamental objects of the classical analysis: the Green function of the Dirichlet problem (which was pointed out to us by L. Takhtajan) and the Schwarz derivative.

The Green function of the Dirichlet boundary problem for the Laplace operator in D_− expressed through the conformal map w(z) is:

G(z, ζ) = log | | w(z) − w(ζ) w(z)w̄(ζ̄) − 1 | | . Combining (6–5) and (6–6), and using the notation (6–4), we represent the Green function as follows:

2G(z, ζ) = 2 log |z^{−1} −ζ^{−1}|+ ( ∂_{t0} +D(z)+D̄(z̄) )( ∂_{t0} +D(ζ)+D̄(ζ̄) ) log τ. (6–8)

This formula generalizes (6–1), since (6–8) becomes the real part of (6–1) as ζ → ∞. (As ζ approaches infinity, G(z, ζ) tends to −log |w(z)|.) The real part

THE ø-FUNCTION FOR ANALYTIC CURVES 293

of (6–1) can be written in the form

Φ(z, z̄) = −2t_0 log |z| + ( D(z) + D̄(z̄) ) log τ, where Φ is the potential (2–2) and z ∈ D_−.

The left-hand side of (6–5) generalizes the Schwarz derivative of the conformal map T (z) ≡ w^{′′′}(z) w^′(z) − 3 2 ( w^{′′}(z) w^′(z) )_2

= 6 lim_{z→ζ} ∂_z∂_ζ log w(z) − w(ζ) z − ζ . Taking the limit ζ → z of both sides of (6–5), we get a relation between the Schwarz derivative and the τ-function:

T (z) = 6 z^{−2} ∑ k,n≥1 z^{−k−n} ∂^2log τ ∂t_k∂t_n This can be used as an alternative definition of the τ-function.

7. Integrable Structure of Conformal Maps and Area-Preserving Diffeomorphisms

Equations (5–5)–(5–7) allow one to say that the differential

dΩ = S dz + log w dt_0 + ∞∑ k=1 (H_k dt_k − H̄_k dt̄_k)

generates the set of Hamiltonian equations for deformations of the curve due to variation of t_k:

∂_{tk} S(z) = ∂_zH_k(z), ∂¯_{tk} S(z) = −∂_zH̄_k(z), (7–1)

where we set H_0(z) = log w(z). The equations are consistent due to commutativity of the flows: ( ∂_{tj} H_k ) z = (∂_{tk} H_j )_z = ∂_{tj} ∂_{tk} Ω(z).

Equations (7–1) are more transparent when written in terms of canonical variables. The differential dΩ suggests that the pairs log w, t_0 and z(w), S(z(w)) are canonical and establishes the symplectic structure for conformal maps. Indeed, treating w as an independent variable, one rewrites (5–5) as {z(w), S(z(w))} = 1, (7–2) where the Poisson bracket { · , · } is with respect to log w and the area t_0 is defined as {f, g} = w ∂f ∂w ∂g ∂t_0 − w ∂g ∂w ∂f ∂t_0 , where the derivatives with respect to t_0 are taken at fixed t_k and w.

294 KOSTOV, KRICHEVER, MINEEV-WEINSTEIN, WIEGMANN, AND ZABRODIN

The other flows read ∂z(w) ∂t_k = { H_k, z(w) } , (7–3) ∂S(z(w)) ∂t_k = { H_k, S(z(w)) } , (7–4)

and similarly for the flows with respect to t̄_k. Now the Hamiltonian functions H_k and H̄_k are degree k polynomials of w and w^{−1} respectively.

The consistency conditions (7–1) now take the form of the zero-curvature conditions

∂_{tj} H_i − ∂_{ti} H_j + {H_i, H_j } = 0, (7–5) ∂_{tj} H̄_i + ∂¯_{ti} H_j + {H̄_i, H_j } = 0. (7–6)

The infinite set of Poisson-commuting flows forms a Whitham integrable hierarchy [10]. Equations (7–3) and (7–4) are the Lax–Sato equations for the hierarchy. They generate an infinite set of differential equations for the coefficients (potentials) u_j of the inverse conformal map (5–1). The first equation of the hierarchy is ∂^2_{t1t̄1} ϕ = ∂_{t0} exp(∂_{t0} ϕ), ∂_{t0} ϕ = log r^2.

The integrable hierarchy describing conformal maps is also known in the soliton literature as the dispersionless Toda lattice hierarchy, or SDiff(2) Toda hierarchy [11]; see the next section. The algebra Sdiff(2) of area-preserving diffeomorphisms is the symmetry algebra of this hierarchy [11]. Equations (7–3)–(7–6) describe infinitesimal deformations of the curve such that the area t_0 is kept fixed.

(A relation between conformal maps of slit domains and special solutions to equations of hydrodynamic type, namely the Benney equations, was first observed by Gibbons and Tsarev [12].)

The integrable hierarchy possesses many solutions. The particular solution relevant to conformal maps is selected by the subsidiary condition (7–2). This condition, known as dispersionless string equation, has already appeared in the study of the c = 1 topological gravity [11; 13; 14] and in the large N limit of a model of normal random matrices [15]. The latter is discussed in Section 9.

8. Toda Lattice Hierarchy and its Dispersionless Limit

We review the two-dimensional Toda lattice hierarchy and show that its dispersionless limit gives the equations describing the conformal maps (5–6), (5–7), (7–3), (7–4).

The two-dimensional Toda hierarchy is defined by two Lax operators

L = r(t_0) e~^{∂/∂t0} + ∞∑ k=0 u_k(t_0) e^{−k}~^{∂/∂t0} , (8–1)

THE ø-FUNCTION FOR ANALYTIC CURVES 295

L̄ = e^−~^{∂/∂t}0 r(t_0) +^∞ ∑ k=0 e^k~^{∂/∂t0}ū_k(t_0), (8–2)

acting in the space of functions of t_0 where the coefficients u_j and ū_j are functions of t_0 and also of two independent sets of parameters (“times”) t_k and t̄_k. Note that u_k and ū_k as well as t_k and t̄_k in (8–1), (8–2) are not necessarily complex conjugate to each other, although we choose them to be so.

The dependence of the coefficient u_k and ū_k on t_k and t̄_k are given by the Lax–Sato equations: ~ ∂L ∂t_k = [H_k, L], (8–3) ~ ∂L ∂t̄_k = [L, H̄_k], (8–4)

and similar equations for L̄. The flows are generated by

H_k = ( L^k ) + +^1_2 ( L^k ) 0 (8–5) and H̄_k = (L̄^k)_− +^1_2 (L̄^k)_0,

where the symbol ( L^k ) ± means positive (negative) parts of the series in the shift operator e~^{∂/∂t0} . The first equation of the hierarchy is the Toda lattice equation

∂^2_{t1t̄1} ϕ(t_0) = e^{ϕ(t0+}~^{)−ϕ(t0)} − e^{ϕ(t0)−ϕ(t0−}~^),

where r^2 = e^{ϕ(t0+}~^{)−ϕ(t0)}.

The spectrum of the Lax operator is determined by the linear problem LΨ = zΨ. The wave function Ψ is expressed through the τ-function τ~ of the dispersionful hierarchy (8–3), (8–4) by the formula

Ψ(z; t_0, t_1, t_2, · · ·)

= τ^{−1}~ (t_0, t_1, t_2, . . .)z^{t0/}~e^{(1/}~^) P^{k>0 tkzk} e~ P^{k>0(z−k /k) ∂/∂tk} τ~(t_0, t_1, t_2, . . .).

Among many solutions of the hierarchy, one is of particular interest. It is selected by the string equation [16]

[L, L̄] = ~. (8–6)

This solution is known to describe the normal matrix model at finite size of matrices [15].

The dispersionless limit of the Toda hierarchy is a formal semi-classical limit ~ → 0. To proceed we notice that the shift operator W = e~^{∂/∂t0} obeys the commutation relation [W, t_0] = ~W . In the semiclassical limit it is supposed to be replaced by the canonical variable w with the Poisson bracket {logw, t_0} = 1. The Lax operator then becomes a c-valued function which is identified with the inverse conformal map z(w) (5–1). Similarly, L̄ is identified with S(z(w)). In their turn, the Lax–Sato equations (8–3) and (8–4) are identified with equations

296 KOSTOV, KRICHEVER, MINEEV-WEINSTEIN, WIEGMANN, AND ZABRODIN

(7–3) and (7–4) for the conformal map. In the same fashion the dispersionless limit of the string equation (8–6) is identified with (7–2). The semiclassical limits of the wave function and the τ-function give the generating function Ω and the dispersionless τ-function: Ψ → e^{Ω/}~, τ~ → e^{(log τ)/}~^2 . Similarly, equation (6–7) is a semiclassical limit of the Hirota equation for the τ-function of the twodimensional Toda hierarchy.

9. The ø-Function of the Conformal Map as a Large N Matrix Integral

The integrable structure of conformal maps is identical to the one observed in a class of random matrix models related to noncritical string theories. Moreover, there exists a random matrix model whose large N limit reproduces exactly the τ-function for analytic curves.

Consider the partition function of the ensemble of normal random N × N matrices [15], with the potential (3–2): τ~[t, t̄] = ∫ dM dM^†e^{−(1/}~^{)Tr V (M,M †)}. (V. Kazakov pointed out to us that the Lax equations (8–3) and (8–4) are generated by the Hermitian 2-matrix model [17] with complex conjugated potentials. The latter and the normal matrix model have an identical 1/N-expansion.)

A matrix is called normal if it commutes with its Hermitian conjugated [M, M^†] = 0. Passing to the eigenvalues diag(z_1, . . . , z_N ) of the matrix M, one obtains the measure of the integral in a factorized form dM dM^† ∼ N∏ i=1 dz_i dz̄_i ∏ k<j (z_k − z_j )(z̄_k − z̄_j ).

Then the partition function is represents a two-dimensional Coulomb gas in the potential (3–2) τ~[t, t̄] = ∫ N∏ k=1 dz_k dz̄_k e^{−(1/}~^{)V (zk,z̄k)} ∏ i<j e^{2 log |zi−zj |}. To proceed to the large N limit one introduces a parameter t_0 = ~N and expresses the integrand in terms of density of eigenvalues as e^−~^{−2}E^{{ρ,V }}, where

E{ρ, V } is given by (3–3). Then the limit for large N (or ~ → 0) yields to the

variational principle of Section 3. In the large N limit the eigenvalues of the matrix homogeneously fill the domain D_+ bound by the curve, characterized by the harmonic moments t_k and the area t_0 and leads to the τ-function defined by (4–1). Other objects introduced in Sections 3 to 7 can also be identified with expectation values of the matrix model. In particular the moments v_k of (2–4) are v_k = ~ ⟨Tr M^k⟩

THE ø-FUNCTION FOR ANALYTIC CURVES 297

and Ω^− −^1_2 v_0 =~ ⟨ Tr log(z − M) ⟩ . In order to identify the Lax operator, we follow [18; 15; 17]. Introduce the basis of orthogonal polynomials P_n(z) = h_nz^n + · · · (n ≥ 0), by the orthonormality relations ⟨m|n⟩ ≡ ∫ d^2z P_n(z) e^{− 1~ V (z,z̄)} P_m(z) = δ_{m,n}.

The polynomials are uniquely defined by the potential V up to phase factors. It is easy to see that the τ-function is given by the product of the coefficients N! |h_nh_{n−1} . . . h_0|^2 of the highest powers of the polynomials P_n(z) = h_nz^n + · · · . Then Lax operators L and L̄ appear as the operators ⟨m|z |n⟩ and ⟨m|z̄ |n⟩. Since zP_n(z) can be expressed through polynomials of the degree not grater than n, one may represent ⟨m|z |n⟩ and ⟨m|z̄|n⟩ in terms of shifts operators W = e~^{∂∂t}0 in the form of (8–1), (8–2), where r(t_0 = ~n) = h_n/h_{n+1}.

Similar arguments allow one to identify the flows. Consider a variation of some operator ⟨m|O|n⟩ under a variation of t_k. We have ~∂_{tk} ⟨m|O|n⟩ = ⟨m|[H_k, O]|n⟩, where H_k = A_k − A^†_k and ⟨m|A_k |n⟩ = ⟨m|∂_{tk} |n⟩. Obviously H_k = −L^k(W ) + negative powers of W . Choosing O to be L̄ (see (8–2)) which consists on W^{−1} and positive powers of W , one concludes that H_k does not consists of negative powers of W . This brings us to (8–5).

Finally, the operator D = ⟨m|~∂_z |n⟩ is equal to D = L̄ − ∑ k≥1 kt_kL^{k−1}.

The Heisenberg relation [D, L] = ~ prompts the string equation (8–6).

The matrix model also offers an effective method to derive equations (6–1)– (6–7); see [17], for example.

Acknowledgements

We thank M. Brodsky, V. Kazakov, S. P. Novikov, and L. Takhtajan for valuable comments and interest to this work.

Kostov’s work is supported in part by European TMR contract ERBFM- RXCT960012 and EC Contract FMRX-CT96-0012.

Krichever’s work is supported in part by NSF grant DMS-98-02577. Wiegmann would like to thanks P. Bleher and A. Its for the hospitality in MSRI during the workshop on Random Matrices in spring 1999.

Krichever and Zabrodin have been partially supported by CRDF grant 6531. Wiegmann and Zabrodin have been partially supported by grants NSF DMR 9971332 and MRSEC NSF DMR 9808595.

Zabrodin’s work was supported in part by grant INTAS-99-0590 and RFBR grant 00-02-16477. He also thanks for hospitality the Erwin Schrödinger Institute in Vienna, where this work was completed.

298 KOSTOV, KRICHEVER, MINEEV-WEINSTEIN, WIEGMANN, AND ZABRODIN

References

[1] M. Mineev-Weinstein, P. B. Wiegmann and A. Zabrodin, Phys. Rev. Lett. 84 (2000) 5106–5109.

[2] P. B. Wiegmann and A. Zabrodin, hep-th/9909147, Commun. Math. Phys. to appear.

[3] P. S. Novikov, C. R. (Dokl.) Acad. Sci. URSS (N. S.) 18 (1938) 165–168; M. Sakai, Proc. Amer. Math. Soc. 70 (1978) 35–38; V. Strakhov and M. Brodsky, SIAM J. Appl. Math. 46 (1986) 324–344.

[4] V. K. Ivanov, Soviet Doklady, Ser. Math. 105 (1955) 409–414.

[5] P. Di Francesco, M. Gaudin, C. Itzykson and F. Lesage, Int. J. Mod. Phys. A9 (1994) 4257–4351.

[6] A. Hurwitz and R. Courant, The theory of functions, Springer-Verlag, 1964.

[7] P. J. Davis, The Schwarz function and its applications, The Carus Mathematical Monographs, No. 17, The Math. Assotiation of America, Buffalo, N. Y., 1974.

[8] J. Gibbons and Y. Kodama, Phys. Lett. 135 A (1989) 167–170; in Proceedings of NATO ASI, Singular Limits of Dispersive Waves, ed. N. Ercolani, Plenum 1994.

[9] R. Carroll and Y. Kodama, J. Phys. A: Math. Gen. A28 (1995) 6373–6388.

[10] I. M. Krichever, Function. Anal. Appl. 22 (1989) 200–213; Commun. Math. Phys.

143 (1992) 415–429; Commun. Pure. Appl. Math. 47 (1992) 437–476.

[11] K. Takasaki and T. Takebe, Lett. Math. Phys. 23 (1991) 205–214; Rev. Math.

Phys. 7 (1995) 743–808.

[12] J. Gibbons and S. P. Tsarev, Phys. Lett. 211A (1996) 19–24; ibid 258A (1999) 263–271.

[13] R. Dijkgraaf, G. Moore and R. Plesser, Nucl. Phys. B394 (1993) 356–382; A Hanany, Y. Oz and R. Plesser, Nucl. Phys. B425 (1994) 150–172; K. Takasaki, Commun. Math. Phys. 170 (1995) 101–116; T. Eguchi and H. Kanno, Phys. Lett.

331B (1994) 330.

[14] R. Dijkgraaf and E. Witten, Nucl. Phys. B342 (1990) 486–522;A. Losev and I.

Polyubin, Int. J. Mod. Phys. A10 (1995) 4161–4178;S. Aoyama and Y. Kodama, Commun. Math. Phys. 182 (1996) 185–220.

[15] Ling-Lie Chau and Y. Yu Phys. Lett. 167A (1992) 452,Ling-Lie Chau and O.

Zaboronsky, Commun. Math. Phys. 196 (1998) 203.

[16] M. Douglas, Phys. Lett. 238B (1990) 176; in Proceedings of the 1990 Cargèse Workshop on Random Surfaces and Quantum Gravity, NATO ASI Series, Plenum Press, New York.

[17] J. M. Daul, V. A. Kazakov and I. K. Kostov, Nucl. Phys. B409 (1993) 311–338;L.

Bonora and C. S. Xiong, Phys. Lett. B347 (1995) 41–48.

[18] M. L. Mehta, Commun. Math. Phys. 79 (1981) 327; S. Chadha, G. Mahoux and M. L. Mehta, J. Phys. A: Math. Gen. 14 (1981) 579.

THE ø-FUNCTION FOR ANALYTIC CURVES 299

I. K. Kostov Service de Physique Théorique CEA-Saclay 91191 Gif sur Yvette France

kostov@spht.saclay.cea.fr

I. Krichever Landau Institute for Theoretical Physics and Department of Mathematics Columbia University New York, NY 10027 United States

krichev@math.columbia.edu

M. Mineev-Weinstein Theoretical Division, MS-B213 Los Alamos National Laboratories Los Alamos, NM 87545 United States

mineev@t13.lanl.gov

P. B. Wiegmann Landau Institute for Theoretical Physics and James Franck Institute and Enrico Fermi Institute University of Chicago 5640 S. Ellis Avenue Chicago, IL 60637 United States

wiegmann@uchicago.edu

A. Zabrodin Joint Institute of Chemical Physics Kosygina str. 4 117334, Moscow and ITEP 117259, Moscow Russia

zabrodin@heron.itep.ru