ON HYPER KÄHLER MANIFOLDS ASSOCIATED TO LAGRANGEAN KÄHLER SUBMANIFOLDS OF T^∗C^n

VICENTE CORTÉS

Abstract. For any Lagrangean Kähler submanifold M æ T^�C n, there exists a canonical hyper Kähler metric on T^�M. A Kähler potential for this metric is given by the generalized Calabi Ansatz of the theoretical physicists Cecotti, Ferrara and Girardello. This correspondence provides a method for the construction of (pseudo) hyper Kähler manifolds with large automorphism group. Using it, a class of pseudo hyper Kähler manifolds of complex signature (2,2n) is constructed. For any hyper Kähler manifold N in this class a group of automorphisms with a codimension one orbit on N is specified. Finally, it is shown that the bundle of intermediate Jacobians over the moduli space of gauged Calabi Yau 3-folds admits a natural pseudo hyper Kähler metric of complex signature (2,2n).

Introduction

The generalized Calabi Ansatz of Cecotti, Ferrara and Girardello was discovered in the context of super string theory [C-F-G]. Nevertheless, it provides a simple method for the construction of such classical geometric structures as hyper Kähler metrics.

In the first part of this paper a self contained presentation of this construction is given. We explain how to a Lagrangean (pseudo) Kähler submanifold M ⊂ T^∗C^n one canonically associates a (pseudo) hyper Kähler metric on the complex symplectic manifold T^∗M, s. Thm. 1.5.

Then we study natural group actions on M and on its cotangent bundle T^∗M preserving the special geometric structures. This opens the way for a systematic construction of (pseudo) hyper Kähler manifolds of small cohomogeneity, s. Prop. 2.1 and Cor. 2.2. Using the classification of certain Lagrangean cones given in [dW-VP] and [C2], we construct examples of pseudo hyper Kähler manifolds of complex signature (2,2n) admitting a group of automorphisms of cohomogeneity one, s. Thm. 2.3. If M is a cone of appropriate signature, then M can be interpreted as formal moduli space of gauged Calabi Yau 3-folds, s. Prop. 3.2 and Thm. 3.4. In particular, the Lagrangean cones classified in [dW-VP] and [C2] are models for moduli spaces with large automorphism group, s. Prop. 3.3 and Rem. 5.

Supported by the Alexander von Humboldt Foundation and MSRI (Berkeley). Research at MSRI is supported in part by grant DMS-9022140. i ii VICENTE CORTÉS

Finally, we prove that the pseudo hyper Kähler structure on the cotangent bundle T^∗M of a Lagrangean pseudo Kähler submanifold M ⊂ T^∗C^n is always defined on a discrete fibre preserving quotient of T^∗M which is a torus bundle over M, s. Thm. 3.1. As a consequence, we obtain a natural pseudo hyper Kähler structure of complex signature (2,2n) on the bundle of intermediate Jacobians over the moduli space of gauged Calabi Yau 3-folds, where n = h^{2,1}, s. Thm. 3.5.

Acknowledgements The author is very grateful to the Mathematical Sciences Research Institute, especially to S.-S. Chern and R. Osserman, for hospitality and support. He would also like to thank D.V. Alekseevsky, R.L. Bryant, A.B. Givental, P.A. Griffiths, S. Katz, M. Kontsevich and A. Van Proeyen for discussions related to the subject of this paper.

Contents

Introduction i 1. The canonical pseudo hyper Kähler metric on the cotangent bundle of a Lagrangean pseudo Kähler submanifold M ⊂ T^∗C^n 1 2. A class of pseudo hyper Kähler manifolds admitting a group of automorphisms of cohomogeneity one 6 3. The pseudo hyper Kähler metric of the bundle of intermediate Jacobians over the moduli space of gauged Calabi Yau 3-folds 11 References 16

1. The canonical pseudo hyper Kähler metric on the cotangent bundle of a Lagrangean pseudo Kähler submanifold M ⊂ T^∗C^n

Consider the following fundamental algebraic data: 1) A complex symplectic vector space (V, ω), dimC V = 2n.

2) A compatible real structure τ : V → V , i.e. a C -antilinear involution such that the restriction of ω to its fix point set V^τ is a real symplectic structure.

Up to isomorphism, we can assume that V = T^∗C^n, V^τ = T^∗R^n and that ω is the standard symplectic structure of T^∗C^n, which is a real symplectic structure when restricted to T^∗R^n.

Recall that a linear subspace of a (real or complex) symplectic vector space is called Lagrangean if it is maximally isotropic and that a submanifold M of a symplectic vector space is called Lagrangean submanifold if T_mM is a Lagrangean subspace for every point m ∈ M.

Given (V, ω, τ) we can define a Hermitian form γ of signature (n,n) on V by γ(u, v) = √ −1ω(u, τv) , u, v ∈ V . (1) (V, γ) is a pseudo Kähler manifold (of complex signature (n,n)) and hence the notion of pseudo Kähler submanifold is defined. In fact, a complex submanifold M ⊂ V is called a pseudo Kähler submanifold of (V, γ) if γ|M is nondegenerate.

Recall that a complex symplectic structure on a complex manifold is a holomorphic, closed and nondegenerate 2-form.

Definition 1.1. A (pseudo) Kähler manifold will be called (pseudo) hyper Kähler manifold if it admits a parallel complex symplectic structure.

It follows from this definition that a Kähler manifold of complex dimension 2n is hyper Kähler if and only if the holonomy group (of the canonical connection) is a subgroup of Sp(n) = U(2n)∩Sp(n, C ), cf. [Be]. Here Sp(n, C ) denotes the symplectic group of C^{2n}.

Remark 1: The complex symplectic structure ω defines on the (flat) pseudo Kähler manifold (V, γ) the structure of pseudo hyper Kähler manifold.

Proposition 1.1. Given (V, ω, τ) and γ as above, a Lagrangean submanifold M ⊂ (V, ω) is a pseudo Kähler submanifold M ⊂ (V, γ) if and only if T_mM ∩ τT_mM = 0 for all m ∈ M. In particular, V^τ ∩ T_mM = 0 is necessary.

Proof: Let L ⊂ (V, ω) be a Lagrangean subspace. Then γ|L is nondegenerate if and only if L ∩ τL = 0. 2

A connected Lagrangean pseudo Kähler submanifold M ⊂ (V, ω, τ) has a well defined complex signature (k, l), k + l = n, namely the signature of the Hermitian form γ|T_mM, m ∈ M arbitrary. If l = 0, then γ|T_mM is positively defined and M is a Kähler submanifold of (V, γ).

Proposition 1.2. For any pseudo Kähler submanifold M ⊂ (V, γ) the function K^M (u) := γ(u, u), u ∈ M, is a pseudo Kähler potential. Any subgroup of Aut(V, γ) which preserves M acts on M by holomorphic isometries.

Proof: Let u : U → M, U ⊂ C^m, m = dimC M, be a local holomorphic parametrization of M, then ∂^2(K^M ∘ u) ∂z^i∂z^j = γ( ∂u ∂z^i , ∂u ∂z^j ) . This proves the first claim. The second claim follows from the fact that Aut(V, γ) ∼= U(n, n) acts holomorphically and isometrically on the pseudo Kähler manifold (V, γ) and that M is a pseudo Kähler submanifold of (V, γ). 2

The linear automorphism group Aut(V, ω, τ) ∼= Aut(V^τ , ω|V^τ ) ∼= Sp(n, R) of our fundamental algebraic data acts on the hyper Kähler manifold (V, γ, ω) by automorphisms, i.e. by holomorphic isometries preserving the complex symplectic structure. Here Sp(n, R) denotes the real symplectic group in 2n variables.

Definition 1.2. (cf. [C-F-G]) The group Aut_d(M) = {φ ∈ Aut(V, ω, τ)|φM = M} is called the duality group of the Lagrangean pseudo Kähler submanifold M ⊂ (V, ω, γ). The next proposition follows from Prop. 1.2.

Proposition 1.3. The duality group Aut_d(M) acts on M holomorphically and isometrically.

To define the generalized Calabi Ansatz of [C-F-G], we have to choose a Lagrangean splitting for V^τ , i.e. a decomposition

V^τ = L_0 ⊕ L^′_0 (2) into two Lagrangean subspaces. A Lagrangean splitting for V^τ induces a Lagrangean splitting for V :

V = L ⊕ L^′ , (3)

where L and L^′ are determined by L = τL , L^′ = τL^′ and L_0 = L^τ , L^′_0 = (L^′)^τ . (4)

Moreover, we have canonical isomorphisms associated to (2) and (3): V^τ ∼= T^∗L_0 , V ∼= T^∗L .

Definition 1.3. A Lagrangean submanifold M ⊂ (V, ω) is in general position with respect to the splitting V = L⊕L^′ if the projection p : V → L induces an isomorphism of M onto its image.

Proposition 1.4. A Lagrangean Kähler submanifold M ⊂ (V, ω, γ) is in general position with respect to any splitting V = L ⊕ L^′ induced by a Lagrangean splitting of V^τ , s. (2), (3) and (4).

Proof: It is sufficient to show that T_mM ∩ L^′ = 0 for all m ∈ M. This follows from the fact that γ is positively defined on T_mM and zero on L^′ = τL^′. 2 Given fundamental algebraic data (V, ω, τ), compatible Lagrangean splittings (2)– (4) and a Lagrangean pseudo Kähler submanifold M ⊂ (V, ω, γ) in general position with respect to the given splitting, there is a canonical real structure ρ^′ on T M. In fact, the projection p : V → L induces an isomorphism T_mM^∼→ L and hence we can define a real form of (T_mM)^{ρ0} of T_mM by the equation

dp (T_mM)^{ρ0} = L_0.

Now we can define ρ^′ (at the point m) as the C -antilinear involution of T_mM with fix point set (T_mM)^{ρ0} .

We denote by ρ the real structure on T^∗M which is dual to ρ^′ and by g^{−1}_m the Hermitian metric on T^∗_mM which is inverse to g_m = γ|T_mM. Then the generalized Calabi Ansatz of [C-F-G] is given by the following potential on T^∗M:

K(σ) = K^M (π(σ)) + g^{−1}_{π(σ)}(σ + ρ(σ), σ + ρ(σ)) , σ ∈ T^∗M , (5)

where π : T^∗M → M is the natural projection and K^M is the pseudo Kähler potential of M, s. Prop. 1.2.

Theorem 1.5. Let (V, ω, τ) be fundamental algebraic data, s. p. 1, γ the Hermitian form defined in (1), V = L⊕L^′ a Lagrangean splitting as in (2)–(4) and M ⊂ (V, ω, γ) a Lagrangean Kähler submanifold (resp. pseudo Kähler submanifold of complex signature (k, l) in general position, s. Def. 1.3). Then the function K on T^∗M associated to these data, s. (5), is the Kähler potential of a hyper Kähler metric G on T^∗M (resp. the pseudo Kähler potential of a pseudo hyper Kähler metric G of complex signature (2k, 2l) on T^∗M). More precisely, the standard complex symplectic structure

Ω on the cotangent bundle T^∗M is parallel with respect to the canonical connection of the Kähler (resp. pseudo Kähler) manifold N = (T^∗M, G).

Remark 2: In [C-F-G] the correspondence M → N is called the c-map in rigid super symmetry. There is also a c-map in local super symmetry M → N as was proven in [F-S]. In the latter case, N is a quaternionic Kähler manifold of negative Ricci curvature.

Proof: First we derive the local coordinate expression for the field G of Hermitian forms defined by the potential K on T^∗M. Using this expression, we show that G is nondegenerate and has complex signature (2k,2l). Then we prove that the standard complex symplectic structure Ω on T^∗M is parallel, also by a direct computation.

Let us choose a linear isomorphism L_0 ∼= R^n. Then we can identify V^τ = T^∗R^n and V = T^∗C^n. We denote by (q^1, . . . , q^n, p_1, . . . , p_n) the complex coordinates on T^∗C^n which correspond to the standard coordinates on R^n. In these coordinates ω = ∑n i=1 dq^i ∧ dp_i. Since M is a Lagrangean submanifold in general position, s. Prop. 1.4, it is the image of a closed and hence locally exact section of T^∗C^n. In other words, we can describe M locally by equations of the form

p_i = ∂F (q^1, . . . , q^n) ∂q^i , i = 1, . . . , n , (6) where F (q^1, . . . q^n) is a locally defined holomorphic function of n variables. Remark that for any locally defined holomorphic function F the equations (6) define a Lagrangean submanifold in general position, namely the image of the exact section dF of T^∗C^n.

Denote by z^i := q^i|M, i = 1, . . . , n, the natural complex coordinates on M and by (z^1, . . . , z^n, w_1, . . . , w_n) the corresponding complex coordinate system for T^∗M. To unify the notation put z^{i0} := w_i and (z^I ) := ((z^i), (z^{i0} )). Recall that the (pseudo) Kähler metric on M is g = γ|M, so in our coordinates (z^i):

g_{ij} = g_{ji} = γ( ∂ ∂z^i , ∂ ∂z^j ) = √ −1(F_{ij} − F_{ij}) , (7)

where F_i = p_i|M, F_{ij} =^{∂Fi}_{∂zj} , F_{ijk} =^{∂Fij}_{∂zk} etc. and we have used that ∂ ∂z^i = ∂ ∂q^i + ∑ j F_{ij} ∂ ∂p_j . The Hermitian fibre metric g^{−1} = (g^{ij}) on T^∗M is defined by the equation ∑ j g^{ij}g_{jk} = δ^i_k . (8)

With respect to the coordinates (z^1, . . . , z^n, w_1, . . . , w_n) on T^∗M the potential K reads

K(z^1, . . . , z^n, w_1, . . . , w_n) = K^M (z^1, . . . , z^n) + ∑ ij g^{ij}(w_i + w_i)(w_j + w_j) , (9) where K^M (z^1, . . . , z^n) = γ(dF |_{(z}1_{,... ,z}n_), dF |_{(z}1_{,... ,z}n_)) = √ −1 ∑ ij (z^iF_i − z^iF_i) . (10) Now we compute G = (G_{IJ} ), where G_{IJ} = ∂^2K ∂z^I ∂z^J , I, J ∈ {1, . . . , n, 1^′, . . . , n^′} . In the following, lower indices separated by komma will always denote partial derivatives, e.g. g_{ij,k}¯_{lm}0 =^{∂3gij}_{∂zk∂zl∂wm} . The equations G_{ij} = g_{ij} + ∑ kl g^{kl}_{,i}¯_j(w_k + w_k)(w_l + w_l)

= g_{ij} + 2 ∑ krspql g^{kr}g^{sp}g^{ql}F_{rsi}F_{pqj}(w_k + w_k)(w_l + w_l) G_{ij}0 = G_j0_i = 2 √ −1 ∑ kpq g^{kp}F_{pqi}g^{qj}(w_k + w_k) G_i0_j0 = 2g^{ij} follow immediately from the basic formulas g^{kl}_{,i} = − ∑ pq g^{kp}g_{pq,i}g^{ql} = √ −1 ∑ pq g^{kp}F_{pqi}g^{ql} (11) g^{kl}_,¯_j = − ∑ pq g^{kp}g_{pq,}¯_jg^{ql} = − √ −1 ∑ pq g^{kp}F_{pqj}g^{ql} . (12) If we put b = (b^i_j)_{i,j=1,... ,n}, b^i_j := G_{ji}0 , then

G = (G_{IJ} ) = ( g +^1_2 b^tgb b^t b 2g^{−1} )

and we can easily invert this matrix:

G^{−1} = (G^{IJ} ) = ( g^{−1} −^1_2 b −^1_2 b^{t 1}_2 (g +^1_2 b^tgb) ) . This shows that G is a pseudo Kähler metric on T^∗M. In particular, (T^∗M, G) has a well defined signature over each connected component of M. We may assume that M is connected and (M, g) has complex signature (k,l). Then (T^∗M, G) has signature (2k,2l) near the zero section M ⊂ T^∗M (i.e. for b → 0) and hence everywhere.

Now we show that N = (T^∗M, G) is a pseudo hyper Kähler manifold, s. Def. 1.1. The complex manifold T^∗M has the canonical complex symplectic structure Ω = ∑ dz^i ∧ dw_i. We will show that ∇Ω = 0 for the covariant derivative ∇ of the pseudo Kähler manifold N. Let us denote by Γ^I_{JK} the Christoffel symbols of the pseudo Kähler metric G on N. We recall that Γ^I_{JK} = ∑ L G^{LI} G_{JL,K}, s. e.g. [K-N2] for the basic theory of Kähler manifolds.

Lemma 1.6. The complex symplectic structure Ω of T^∗M is parallel with respect to the pseudo Kähler metric G if and only if the Christoffel symbols Γ^I_{JK} have the following symmetries.

(i) Γ^i_{Jk} = −Γ^{k0}_{Ji}0 , (ii) Γ^i_{Jk}0 = Γ^k_{Ji}0 , Γ^{i0}_{Jk} = Γ^{k0}_{Ji}.

Proof: It is straightforward to check that equations (i) and (ii) are equivalent to ∇ ∂_{∂zl} Ω = 0 , l = 1, . . . , n , if J = j = 1, . . . , n and equivalent to ∇ ∂_{∂wl} Ω = 0 , l = 1, . . . , n , if J = j^′ = 1^′, . . . , n^′. 2

The equations (i) and (ii) of Lemma 1.6 are verified by a direct computation of the Christoffel symbols Γ^I_{JK}. This finishes the proof of Thm. 1.5. 2 Remark 3: Instead of Lemma 1.6 one can also use [H] Lemma 6.8, cf. [C-F-G]. We remark that to the pseudo hyper Kähler manifold (T^∗M, G, Ω) constructed in Thm. 1.5 we can canonically associate a parallel hypercomplex structure (J_1, J_2, J_3), which is Hermitian with respect to the pseudo Riemannian metric ⟨·, ·⟩ = Re G. Here J_1 is the standard complex structure of the (holomorphic) cotangent bundle T^∗M; the complex structures J_2 and J_3 are defined by the equation Ω(v, w) = ⟨J_2v, w⟩ + √ −1 ⟨J_3v, w⟩ , v, w ∈ T (T^∗M) . Example 1: The simplest example of Lagrangean pseudo Kähler submanifold M ⊂ T^∗C^n is a Lagrangean subspace L such that L ∩ τL = 0. If e.g. L = spanC { ∂ ∂q^1 + i ∂ ∂p_1 , . . . , ∂ ∂q^k + i ∂ ∂p_k , ∂ ∂q^{k+1} − i ∂ ∂p_{k+1} , . . . , ∂ ∂q^n − i ∂ ∂p_n } , i = √ −1, then γ|L has complex signature (k,n-k) and (T^∗L, G) is the flat model of pseudo hyper Kähler manifold of quaternionic signature (k,n-k), i.e. of complex signature (2k,2n-2k).

2. A class of pseudo hyper Kähler manifolds admitting a group of automorphisms of cohomogeneity one

Let (V, ω, τ) be our fundamental algebraic data, s. p. 1, γ the Hermitian form defined in (1), V = L ⊕ L^′ a Lagrangean splitting as in (2)–(4) and M ⊂ (V, ω, γ) a Lagrangean pseudo Kähler submanifold in general position, s. Def. 1.3 and Prop. 1.4. By Thm. 1.5 to these data we canonically associate the pseudo hyper Kähler manifold N = (T^∗M, G) with standard complex symplectic structure Ω.

Now we are interested in natural group actions on M and N preserving the given geometric structures. Recall that the duality group Aut_d(M) of M consists of those linear automorphisms of (V, ω, τ) which preserve M. It acts holomorphically and isometrically on the pseudo Kähler manifold (M, g), s. Prop. 1.3. Let us consider the subgroup Aut_{sd}(M) of Aut_d(M) preserving also the Lagrangean splittings (2)–(4), i.e. Aut_{sd}(M) = {φ ∈ Aut_d(M)|φL = L , φL^′ = L^′} . Since Aut_{sd}(M) ⊂ Aut_d(M) → Sp(V^τ , ω|V^τ ) ⊂ GL(V^τ ) ⊂ Aff(V^τ ) = V^τ oGL(V^τ ), we can also consider the corresponding affine group V^τ oAut_{sd}(M) ⊂ V^τ oAut_d(M) → Aff(V^τ ) . We will show that the affine group V^τ oAut_{sd}(M) acts on N preserving the pseudo hyper Kähler structure. First we define a fibre preserving action of the vector group V^τ ∼= R^{2n} on T^∗M. For this we consider the quotient map V → V/T_mM. Using the inclusion V^τ ⊂ V and the isomorphism V/T_mM ∼= T^∗_mM given by the symplectic structure ω, the quotient map induces an isomorphism of real vector spaces, cf. Prop. 1.1:

ψ_m : V^τ → T^∗_mM . (13)

Now we define the action of an element v ∈ V^τ on T^∗M by T^∗_mM ∋ σ → σ + √ −1ψ_m(v) ∈ T^∗_mM . (14)

Choosing linear coordinates (v^1, . . . , v^n) for L_0 ∼= R^n induces coordinates (v_1, . . . , v_n) for L^′_0 ∼= L^∗_0 and (z^1, . . . , z^n, w_1, . . . , w_n) for T^∗M as in the previous section. In these coordinates the action of v = (v^1, . . . , v^n, v_1, . . . , v_n) on T^∗M defined in (14) reads (cf. [C-F-G]): (z^1, . . . , z^n, w_1, . . . , w_n) → (z̃^1, . . . , z̃^n, w̃_1, . . . , w̃_n) z̃^i = z^i , w̃_i = w_i − √ −1(v_i − ∑ j F_{ij}v^j) , (15)

where we recall that F_{ij} =^{∂2F}_{∂zi∂zj} are the second derivatives of the local holomorphic function F (z^1, . . . , z^n) defining the Lagrangean submanifold M, s. (6).

Proposition 2.1. The group V^τ oAut_{sd}(M) → Aff(V^τ ) acts naturally on N by automorphisms of the pseudo hyper Kähler structure (s. Thm. 1.5), i.e. by holomorphic isometries preserving the complex symplectic structure Ω. The action of Aut_{sd}(M) is by point transformations of N = T^∗M and that of V^τ , given by (14), is fibre preserving and simply transitive on each fibre.

Proof: Aut_d(M) and thereby its subgroup Aut_{sd}(M) acts holomorphically on M and hence by complex symplectomorphisms on T^∗M, namely by holomorphic point transformations. Moreover, Aut_{sd}(M) preserves the pseudo Kähler potential (5) on T^∗M associated to the choice of Lagrangean splitting (2). This shows that Aut_{sd}(M) acts on N by automorphisms of the pseudo hyper Kähler structure.

Consider the map ψ : M × V^τ → T^∗M , ψ(m, v) := ψ_m(v) . ¿From the fact that ψ is Aut_d(M)-equivariant it follows that (14) extends the action of Aut_d(M) on N to a holomorphic action of V^τ oAut_{sd}(M) on N. We check that the action of v ∈ V^τ , s. (15), preserves the complex symplectic structure Ω = ∑ i dz^i ∧dw_i: ∑ i (dz̃^i ∧ dw̃_i − dz^i ∧ dw_i) = √ −1 ∑ ij v^jdz^i ∧ dF_{ij} = √ −1 ∑ ijk v^jF_{ijk}dz^i ∧ dz^k = 0 . Next we check that under the action of v ∈ V^τ the pseudo Kähler potential K of N, s. (5), changes only by a pluriharmonic function. Using (7)-(10) and (15) we obtain: K(z̃^1, . . . , w̃_n) − K(z^1, . . . , w_n) = −2 ∑ j v^j(w_j + w_j) + ∑ ij g_{ij}v^iv^j . The result is pluriharmonic, since the v^i are constants and g_{ij} is pluriharmonic as sum of a holomorphic and an antiholomorphic function, s. (7). Now it only remains to show that V^τ acts simply transitively on each fibre of T^∗M → M. This is clear since (13) is an isomorphism of real vector spaces. 2

Corollary 2.2. If a subgroup A ⊂ Aut_{sd}(M) has an orbit of codimension r on M then the subgroup V^τ oA ⊂ V^τ oAut_{sd}(M) has an orbit of codimension r on N.

Our aim is to use Cor 2.2 for the construction of pseudo hyper Kähler manifolds N with the smallest possible cohomogeneity of the group V^τ oAut_{sd}(M). (Recall that the cohomogeneity of a Lie group acting on a manifold is the minimal codimension of its orbits.)

The pseudo Kähler potential K^M (u) = γ(u, u), u ∈ M, defines an Aut_d(M)- invariant function on M and hence K^M ∘ π, π : T^∗M → M the projection, is an V^τ oAut_d(M)-invariant function on N. This function cannot be constant on an open set, since K^M is the potential of a (nondegenerate) metric. Therefore, V^τ oAut_d(M) ⊃ V^τ oAut_{sd}(M) has no open orbit on N and hence is of cohomogeneity at least one.

Next we will present a class of pseudo hyper Kähler manifolds N for which the cohomogeneity of V^τ oAut_{sd}(M) ⊂ V^τ oAut_d(M) is in fact one. This class is associated, via the correspondence of Thm. 1.5, to an interesting class of Lagrangean pseudo Kähler submanifolds M ⊂ T^∗C^{n+1} in general position (with respect to the standard Lagrangean splitting T^∗C^{n+1} = C^{n+1} ⊕ (C^{n+1})^∗ into positions and momenta). The latter class can be defined by the following additional conditions

(i) M is a cone, i.e. λM = M for all λ ∈ C − {0}.

(ii) The third fundamental form of M ⊂ T^∗C^{n+1} is given by a homogeneous cubic polynomial h(x^1, . . . , x^n) with real coefficients, s. remarks below.

(iii) The real hypersurface {h = 1} ⊂ R^n admits an open orbit H ⊂ {h = 1} of a subgroup of GL(n, R ). Moreover, the second fundamental form of H is negatively defined.

The complete classification of such manifolds M was first obtained in [dW-VP]; an alternative, conceptual approach was developped in [C2].

First of all let us explain the meaning of (ii). The notion of 3rd fundamental form of a Lagrangean cone was introduced by Bryant and Griffiths [B-G] in the study of period maps for general Calabi Yau 3-folds, s. Section 3. The third fundamental form θ of a Lagrangean submanifold M ⊂ T^∗C^{n+1} in general position satisfying (i) is by definition the 3rd fundamental form of the immersion ϕ : (q^1, . . . , q^n) → (π|M)^{−1}(1, q^1, . . . , q^n) , where π : T^∗C^{n+1} → C^{n+1} is the natural projection. More precisely, θ is the section of S^3T^∗C^n whose value θ_q ∈ S^3T^∗_q C^n ∼= S^3(C^n)^∗ at q = (q^1, . . . , q^n), (1, q) ∈ π(M), is given by the cubic form

θ_q(x^1, . . . , x^n) = n∑ ijk=1 x^ix^jx^k ∂^3ϕ(q) ∂q^i∂q^j∂q^k . So the condition (ii) is satisfied if and only if the homogeneous cubic polynomial θ_q is independent of q, i.e. θ_q(x^1, . . . , x^n) = h(x^1, . . . , x^n), and has (constant) real coefficients^{∂3ϕ(q)}_{∂qi∂qj ∂qk} ∈ R. In the following discussion we recall all needed basic facts about the class of Lagrangean submanifolds defined above; for complete details the reader is referred to [dW-VP] and [C2]. Under the condition (i), we can consider the complex manifold P (M) ⊂ P (T^∗C^{n+1}) ∼= P^{2n+1}C , which is a projectivized cone. If the potential K^M does not vanish on M, then P (M) admits a canonical Hermitian form g^{P (M)} invariant under the projective action of the duality group Aut_d(M), cf. (17). (The corresponding potential is log |K^M |.) Under the conditions (ii) and (iii), there exists an open subcone C ⊂ M ⊂ T^∗C^{n+1} such that Aut_{sd}(C) acts transitively on P (C) ⊂ P (M), the Hermitian form γ has complex signature (1,n) on C and −g^{P (C)} is a (positively defined) Kähler metric on P (C). Without restriction of generality we assume M = C.

From the preceding remarks it follows that Aut_{sd}(M) has an orbit of codimension one on M and by Prop. 2.1 and Cor. 2.2 the group V^τ oAut_{sd}(M), V^τ = T^∗R^{n+1} ∼= R^{2n+2}, of automorphisms of the hyper Kähler manifold N has cohomogeneity one.

Now we describe the group Aut_{sd}(M) in more detail. Remark that the subgroup of Sp(n+1, R) ⊂ GL(2n+2, R ) preserving the standard Lagrangean splitting T^∗R^{n+1} =

R^{n+1} ⊕ (R^{n+1})^∗ is the group of linear point transformations of T^∗R^{n+1}, which is

canonically isomorphic to GL(n + 1, R). This gives rise to the embedding ι : Aut_{sd}(M) → GL(n + 1, R) , φ → φ|R^{n+1} , where R^{n+1} ⊂ T^∗R^{n+1} is the zero section. GL(n + 1, R) contains the affine group Aff(n, R) = R^noGL(n, R) as a subgroup: Aff(n, R) ∋ (v, B) → ( 1 0 v B ) ∈ GL(n + 1, R) . So we can define the subgroup A(M) := ι^{−1}(Aff(n, R)) ⊂ Aut_{sd}(M) , which is embedded in the affine group Aff(n, R) via the map ι.

By construction, s. [dW-VP] and [C2], the class of submanifolds M ⊂ T^∗C^{n+1} defined above has the following property: The group A(M) has an open orbit on P (M) and (by restricting to an open subcone of M if necessary) we can assume that A(M) acts transitively on P (M). Moreover, it was proven in [C2] that (P (M), −g^{P (M)}) is isomorphic, as A(M)-Kähler manifold, to a Kählerian Siegel domain (U, g) of first type. The group ι(A(M)) ∼= A(M) acts naturally on (U, g) by affine transformations which are (holomorphic) isometries for the Kähler metric g.

The complete list of Kählerian Siegel domains (U, g) corresponding to the class of submanifolds M ⊂ T^∗C^{n+1} defined above, s. (i)-(iii), was given in [C2] Thm. 2.8. For convenience of the reader, we recall that U has rank 2 or 3. The rank 2 domains in the list are numerated by the nonnegative integers and the rank 3 domains by special isometric maps or, equivalently, by Z_2-graded Clifford modules (up to equivalence defined in [C1] Def. I.10 and Def. II.5, cf. Def. II.4, Prop. II.25 and Prop. II.26). Recall that a Z_2-graded Clifford module of order k is a Z_2-graded module Ψ = Ψ_0 ⊕ Ψ_1 of the real Clifford algebra Cℓ_k, k = 0, 1, 2, . . . , s. e.g. [L-M]. Summarizing our discussion and applying Cor. 2.2 to A = A(M), we obtain the following theorem.

Theorem 2.3. To any p ∈ {0, 1, 2, . . . } (resp. Z_2-graded Clifford module Ψ of order k ∈ {0, 1, 2, . . . }) we can canonically associate a Lagrangean pseudo Kähler submanifold in general position M(p) ⊂ T^∗C^{n+1}, n = 2 + p, (resp. M(Ψ) ⊂ T^∗C^{n+1}, n = k + 3 + dim Ψ) satisfying conditions (i)-(iii) on p. 8. Conversely, any Lagrangean pseudo Kähler submanifold of T^∗C^{n+1} in general position satisfying (i)-(iii) contains one of the manifolds M above (i.e. M = M(p) or M = M(Ψ)) as an open subcone. For the manifolds M above, the affine group A(M)^ι→ Aff(n, R) acts transitively and isometrically on the Kähler manifold (P (M), −g^{P (M)}) by projective linear transformations. Moreover, (P (M), −g^{P (M)}) is isomorphic as A(M)- Kähler manifold to a Kählerian Siegel domain of type I with transitive affine action of ι(A(M)) ⊂ Aff(n, R). The pseudo hyper Kähler manifold N = (T^∗M, G) associated to any of these manifolds M by Thm. 1.5 has complex signature (2, 2n). Finally, the affine group

R^{2n+2}oA(M) ⊂ Aff(2n + 2, R) acts on N by automorphisms of the pseudo hyper

Kähler structure with an orbit of codimension one.

Remark 4: The manifolds (T^∗M, G), M = M(p) or M = M(Ψ), should be thought of as natural pseudo hyper Kählerian versions of Alekseevsky’s homogeneous quaternionic Kähler manifolds, cf. [A], [Ce], [dW-VP], [dW-V-VP], [C1], [A-C] and [C2].

3. The pseudo hyper Kähler metric of the bundle of intermediate Jacobians over the moduli space of gauged Calabi Yau 3-folds

Let (V, ω, τ) be our fundamental algebraic data, s. p. 1, γ the Hermitian form defined in (1), V = L ⊕ L^′ a Lagrangean splitting as in (2)-(4), M ⊂ (V, ω, γ) a Lagrangean pseudo Kähler submanifold in general position, s. Prop. 1.4, and, finally, Γ ⊂ V^τ a (cocompact) lattice. Using the isomorphism V/T_mM ∼= T^∗_mM induced by the symplectic form ω, we can identify T^∗M with the normal bundle N → M of M in V , N_m = V/T_mM. Since V^τ ⊃ Γ has zero intersection with T_mM, s. Prop. 1.1, Γ projects to a lattice [Γ] in N_m = V/T_mM and N_m/[Γ] is a complex torus. Let us denote by N /Γ the corresponding (holomorphic) torus bundle over M. Remark that via the isomorphism N_m ∼= T^∗_mM the lattice [Γ] ⊂ N_m corresponds to the lattice ψ_m(Γ) ⊂ T^∗_mM, s. (13), and we can identify N /Γ with the quotient of T^∗M by the action of Γ ⊂ V^τ defined in equation (14).

Theorem 3.1. The pseudo hyper Kähler structure on T^∗M ∼= N constructed in Thm. 1.5 induces a pseudo hyper Kähler structure on the torus bundle T^∗M/Γ ∼= N /Γ for any lattice Γ ⊂ V^τ .

Proof: It was proven in Prop. 2.1 that the action of V^τ ⊃ Γ preserves the complex symplectic structure Ω and the pseudo hyper Kähler metric G on T^∗M. 2 The purpose of this section is to use Thm. 3.1 for the construction of a pseudo hyper Kähler structure on the bundle of intermediate Jacobians over the moduli space of gauged Calabi Yau 3-folds. For this we have to review some known facts about the moduli space, thereby relating it to Thm. 3.1.

Let X be a (general) Calabi Yau 3-fold, i.e. a compact Kähler 3-fold with holonomy group SU(3). This implies that X has a holomorphic volume form vol_X ∈ H^{3,0}(X), unique up to scaling. Such a pair (X, vol_X ) is called a gauged Calabi Yau 3-fold. The (Kuranishi) moduli space S of X is smooth and can be identified with a neighborhood of zero in H^{2,1}(X) ∼= H^1(X, T ), s. [Bo], [Ti] and [To]. Denote by X = (X_s)_{s∈S} → S, X_0 = X, the corresponding deformation of complex structure. The “intersection” form ω(ξ, η) := ∫ X ξ ∧ η , ξ, η ∈ H^3(X, Z) , (16) defines an integral nondegenerate skew symmetric bilinear form on H^3(X, Z). The corresponding complex symplectic form on H^3(X, C ) will be denoted by the same letter. Consider the holomorphic line bundle H^{3,0}(X ) → S with fibre H^{3,0}(X_s) at s ∈ S. Denote by H^{3,0}(X ) − S the C^∗-bundle over S which is obtained from the complex line bundle H^{3,0}(X ) by removing the zero section S ∋ s → 0 ∈ H^{3,0}(X_s). We think of it as moduli space of gauged Calabi Yau 3-folds (X_s, vol_s), vol_s ∈ H^{3,0}(X_s) − {0}, s ∈ S. The holomorphic vector bundle H^3(X , C ) → S has a canonical flat connection defined by the lattice bundle H^3(X , Z) ⊂ H^3(X , C ), which is known as Gauß-Manin connection. Since the moduli space S is local, we can assume that S is simply connected and that the bundle H^3(X , C ) → S is trivial. In particular, we have canonical identifications H^3(X_s, Z) ∼= H^3(X, Z) and H^3(X_s, C ) ∼= H^3(X, C ). So we can define the period map P er : S → P (H^3(X, C )) , s → H^{3,0}(X_s) . It follows from Kodaira and Spencer’s deformation theory (s. e.g. [M-K]) that

dP er(T_sS) = dπ(H^{3,0}(X_s) + H^{2,1}(X_s)) ,

where π : H^3(X, C ) → P (H^3(X, C )) is the canonical projection. This implies that the period map is an immersion and since S is local we can assume that P er : S → P er(S) ⊂ P (H^3(X, C )) is an isomorphism. As a consequence, the cone M_X = ∪_{s∈S}P er(s) − {0} ⊂ H^3(X, C ) over P er(S) = P (M_X ) is canonically identified with the moduli space H^{3,0}(X ) − S of gauged Calabi Yau 3-folds. By the first Hodge- Riemann bilinear relations the tangent space

T_uM_X = H^{3,0}(X_s) + H^{2,1}(X_s) , u ∈ P er(s) − {0} ,

is a Lagrangean subspace of H^3(X, C ) with respect to the intersection form ω. Remark that, using the standard real structure τ on H^3(X, C ) with fix point set H^3(X, R), we can define the Hermitian form γ of complex signature (n + 1, n + 1), n = h^{2,1}(X), on H^3(X, C ) by equation (1). The first and second Hodge-Riemann bilinear relations imply that M_X is a pseudo Kähler submanifold M_X ⊂ (H^3(X, C ), γ) of complex signature (1, n). More precisely, we have the relations: γ(u, u) > 0, γ(v, v) < 0 and γ(u, v) = 0 for all u ∈ H^{3,0}(X_s) − {0} and v ∈ H^{2,1}(X_s) − {0}. This motivates the following definition.

Definition 3.1. Given fundamental algebraic data (V, ω, τ) as on p. 1 and γ defined in (1), a Lagrangean pseudo Kähler submanifold M ⊂ (V, ω, γ) is called a formal moduli space (of gauged Calabi Yau 3-folds) if the following conditions are satisfied:

(i) M is a cone, i.e. λM = M for all λ ∈ C − {0}. (ii) γ(u, u) > 0 for all u ∈ M.

(iii) γ(v, v) < 0 for all 0 ≠ v ∈ T_uM such that γ(u, v) = 0.

To a Calabi Yau 3-fold X we have associated the following algebraic data: V = H^3(X, C ), ω the intersection form (16), τ the real structure with fix point set V^τ = H^3(X, R) and γ = √ −1ω(·, τ·). With this understood the next proposition gives a summary of the preceding discussion.

Proposition 3.2. The cone M_X ⊂ (V, ω, γ) over the image P er(S) = P (M_X ) of the period map is a formal moduli space of gauged Calabi Yau 3-folds in the sense of Def. 3.1.

Proposition 3.3. The class of Lagrangean pseudo Kähler cones defined in the previous section on p. 8 and classified in [dW-VP] and [C2] consists of formal moduli spaces of gauged Calabi Yau 3-folds.

Remark that any statement which is true for formal moduli spaces M is true when M = M_X (∼= H^{3,0}(X ) − S) is the (actual) moduli space of gauged Calabi Yau 3-folds associated to the Kuranishi moduli space S of a Calabi Yau 3-fold X. Remark 5: For any formal moduli space M ⊂ (V, ω, γ) there is a canonical Kähler metric −g^{P (M)} on P (M) known as special Kähler metric, cf. p. 9 and [C2], which can be defined by g^{P (M)}_{πu} (dπv, dπv) = γ(v, v) γ(u, u) − | | | | | γ(u, v) γ(u, u) | | | | | 2 , (17)

for u ∈ M, v ∈ T_uM, where π : M → P (M) is the canonical projection. In the case of actual moduli spaces of gauged Calabi Yau 3-folds M = M_X the metric g^{P (M)} is known as Weil-Petersson metric. The formal moduli spaces M of Prop. 3.3 provide all the known examples of homogeneous special Kähler manifolds, i.e. with transitive isometry group. It is noteworthy that “most” of these examples are not Hermitian symmetric, s. [dW-VP] and [C2]. We may ask the following natural question:

Which of the homogeneous special Kähler manifolds can be realized as moduli spaces of Calabi Yau 3-folds (equipped with the Weil-Petersson metric)?

To round up our presentation, we place the concept of formal moduli space in the context of infinitesimal variations of Hodge structure, s. [G] and [B-G]. Given fundamental algebraic data (V, ω, τ) as on p. 1, a polarized Hodge structure of weight 3 on V , dimC V = 2n + 2, with Hodge numbers h^{3,0} = 1 and h^{2,1} = n is given by a decomposition into complex subspaces

V = H^{3,0} ⊕ H^{2,1} ⊕ H^{1,2} ⊕ H^{0,3} , (18) such that H^{p,q} = τH^{q,p}, h^{p,q} = dimC H^{p,q} and satisfying the first and second Hodge- Riemann bilinear relations. Moreover, one assumes that a lattice Γ ⊂ V^τ is given and that ω restricts to an integral nondegenerate skew symmetric bilinear form on Γ. Let us denote by D the classifying space for such Hodge structures on V . Remark that an element of D, i.e. a Hodge structure as above, is determined by the pair (H^{3,0}, H^{2,1}).

To any formal moduli space M ⊂ (V, ω, γ), s. Def. 3.1, we associate a map M → D by u → (H^{3,0}(u), H^{2,1}(u)) , H^{3,0}(u) := C u , H^{2,1}(u) := T_uM ∩ u^⊥ , where the orthogonal complement ⊥ is to be taken with respect to the Hermitian form γ. Obviously this map factorizes to a map φ_M : P (M) → D. If we denote by p : D → P (V ) the projection (H^{3,0}, H^{2,1}) → H^{3,0} then p ∘ φ_M : P (M) → P (V ) is the trivial inclusion. For any Hodge decomposition (18) one has also the corresponding Hodge filtration

F^3 ⊂ F^2 ⊂ F^1 ⊂ F^0 = V , F^p = ⊕_{p≤k≤3}H^{k,3−k} .

Consider now a variation of Hodge structure u → (H^{p,q}(u))_{p,q}, u ∈ U, and denote by (F^p(u))_p the corresponding Hodge filtrations. If the variation of Hodge structure arises from a local deformation of complex structure (X_u)_{u∈U} , i.e. H^{p,q}(u) = H^{p,q}(X_u), then it must satisfy Griffiths’ infinitesimal period relations [G]

∂F^p(u) ⊂ F^{p−1}(u) . (19)

This means that holomorphic partial derivatives of a (local) holomorphic section of the vector bundle (F^p(u))_{u∈U} are sections of (F^{p−1}(u))_{u∈U} . The next theorem follows from the work of Bryant and Griffiths [B-G].

Theorem 3.4. Let M ⊂ (V, ω, γ) be a formal moduli space, dimC V = 2n + 2 and D the classifying space for Hodge structures as above. Then the map φ_M : P (M) → D is a solution to the differential system on D defined by the infinitesimal period relations (19). Conversely, any solution φ : U → D, U a complex n-fold, to this differential system for which p ∘ φ : U → P (V ) is an immersion is locally of the form φ_M .

Let X be a Calabi Yau 3-fold, S its Kuranishi moduli space and M_X = ∪_{s∈S}P er(s)− {0} ⊂ H^3(X, C ) the cone over the image of the period map P er : S → P (H^3(X, C )). Recall that M_X is the moduli space of gauged Calabi Yau 3-folds associated to X. The intermediate Jacobian of X_s, s ∈ S, is the complex torus

J (X_s) =

H^3(X, C ) H^{3,0}(X_s) + H^{2,1}(X_s) + H^3(X, Z) . The bundle of intermediate Jacobians J → M_X over M_X is the holomorphic torus bundle whose fibre at u ∈ P er(s) − {0} ⊂ M_X is J_u = J (X_s).

Theorem 3.5. For any Lagrangean splitting H^3(X, R) = L_0 ⊕ L^′_0 such that M_X ⊂ H^3(X, C ) is in general position, there is a pseudo hyper Kähler structure of complex signature (2, 2n), n = h^{2,1}(X), on the bundle of intermediate Jacobians J → M_X .

Proof: By Prop. 3.2 the moduli space of gauged Calabi Yau 3-folds M_X is a formal moduli space. In particular, s. Def. 3.1, it is a Lagrangean pseudo Kähler submanifold of (H^3(X, C ), ω, γ), where ω is the intersection form (16) and γ = √ −1ω(·, τ·) is defined with the help of the standard real structure τ, i.e. H^3(X, C )^τ = H^3(X, R). By Thm. 1.5, we can associate to these data together with the Lagrangean splitting of H^3(X, R) a pseudo hyper Kähler structure on T^∗M_X . Using the intersection form ω we can identify the cotangent bundle T^∗M_X → M_X with the normal bundle N → M_X of M_X ⊂ H^3(X, C ). The normal bundle has fibre

N_u =

H^3(X, C ) T_uM_X = H^3(X, C ) H^{3,0}(X_s) + H^{2,1}(X_s) at u ∈ P er(s) − {0} ⊂ M_X and J → M_X is precisely the torus bundle N /Γ → M considered in Thm. 3.1 with M = M_X , V = H^3(X, C ) and Γ = H^3(X, Z). Now the theorem is an immediate consequence of Thm. 3.1. 2 Remark 6: As checked in the proof of Prop. 2.1, the standard complex symplectic structure Ω on T^∗M_X ∼= N is invariant under the action of the lattice Γ = H^3(X, Z) ⊂ H^3(X, R) = V^τ . So it factorizes to a complex symplectic structure on J = N /Γ ∼= T^∗M/Γ independent of any choice of Lagrangean splitting H^3(X, R) = L_0 ⊕ L^′_0. This is the parallel complex symplectic structure associated to the pseudo hyper Kähler structure of Thm. 3.5 and it coincides with the complex symplectic structure which was recently constructed by Donagi and Markman [D-M].

Remark 7: Given a Lagrangean subspace L_1 ⊂ (V, ω, τ) such that L_1 ∩ τL_1 = {0}, there exists a Lagrangean subspace L such that L = τL and L ∩ L_1 = {0}. This shows that locally one can always find a Lagrangean splitting of H^3(X, R) such that M_X is in general position. However, such a choice is not unique. In fact, the Lagrangean splittings of H^3(X, R) ∼= R^{2n+2} are parametrized by the coset space Sp(n + 1, R)/GL(n + 1, R). To reduce this arbitrariness to only a countable number of allowed choices, we can proceed as follows. Any isomorphism H^3(X, Z) ∼=

Z^{n+1} ⊕(Z^{n+1})^∗ mapping the intersection form to the standard nondegenerate integral

skew symmetric bilinear form on Z^{n+1} ⊕ (Z^{n+1})^∗ induces a Lagrangean splitting of H^3(X, R). In other words, we allow only Lagrangean splittings of H^3(X, R) which are induced by the choice of a symplectic basis (ξ^i, η_i)_{i=0,... ,n} for the integral cohomology, i.e. ξ^i, η_i ∈ H^3(X, Z), ω(ξ^i, ξ^j) = ω(η_i, η_j) = 0 and ω(ξ^i, η_j) = δ^i_j. The Lagrangean splittings of this type are parametrized by Sp(n + 1, Z)/GL(n + 1, Z). Remark 8: The pseudo hyper Kähler metrics G on the cotangent bundle T^∗M of a formal moduli space of gauged Calabi Yau 3-folds M ⊂ V , s. Def. 3.1 and Thm. 1.5, are not complete. In fact, the open line segment l joining a point u ∈ M to the origin 0 ∈ V − M is a geodesic arc of finite length in the totally geodesic zero section

M ⊂ T^∗M. We may consider the natural blow up σ : M̃ → M of the cone M at the origin. M̃ = M ∪ P (M) is identified with the universal bundle of the projectivized cone P (M). It is easy to see that σ^∗(G|M) = σ^∗g extends smoothly to the divisor P (M) ⊂ M̃. However, this extension gives only a degenerate metric on M̃ ⊂ T^∗M̃, unless M is a complex line. (Of course the same remarks apply in the case of actual moduli spaces of gauged Calabi Yau 3-folds M = M_X as considered in Thm. 3.5.)

References

[A] D.V. Alekseevsky: Classification of quaternionic spaces with a transitive solvable group of motions, Math. USSR Izvestija 9, No. 2 (1975), 297-339.

[A-C] D.V. Alekseevsky, V. Cortés: Isometry Groups of Homogeneous Quaternionic Kähler Manifolds (to appear); available as preprint Erwin Schrödinger Institut 230 (1995).

[Be] A.L. Besse: Einstein Manifolds, Springer, Berlin, 1987.

[Bo] F.A. Bogomolov: Hamiltonian Kähler manifolds, Dokl. Akad. Nauk. SSSR 245 (1978), 1102-1104.

[B-G] R.L. Bryant, P.A. Griffiths, Some Observations on the Infinitesimal Period Relations for Regular Threefolds with Trivial Canonical Bundle, in Arithmetic and Geometry, Papers Dedicated to I.R. Shafarevich, Birkhäuser, Progress in Mathematics 36, 1983.

[Ce] S. Cecotti: Homogeneous Kähler Manifolds and T-Algebras in N=2 Supergravity and Superstrings, Commun. Math. Phys. 124 (1989), 23-55.

[C-F-G] S. Cecotti, S. Ferrara, L. Girardello: Geometry of Type II Superstrings and the Moduli of Superconformal Field Theories, Int. J. Mod. Phys. A4 (1989), 2475-2529.

[C1] V. Cortés: Alekseevskian Spaces, Diff. Geom. Appl. 6 (1996) 129-168. [C2] V. Cortés: Homogeneous Special Geometry, to appear, available as MSRI preprint no. 1996-014.

[dW-V-VP] B. de Wit, F. Vanderseypen, A. Van Proeyen: Symmetry structure of special geometries, Nucl. Phys. B400 (1993), 463-521.

[dW-VP] B. de Wit, A. Van Proeyen: Special Geometry, Cubic Polynomials and Homogeneous Quaternionic Spaces, Commun. Math. Phys. 149 (1992), 307-333.

[D-M] R. Donagi, E. Markman: Spectral covers, algebraically completely integrable, Hamiltonian systems, and moduli of bundles, preprint alg-geom/9507017 8 Aug 95.

[F-S] S. Ferrara, S. Sabharwal: Quaternionic manifolds for type II superstring vacua of Calabi-Yau spaces, Nucl. Phys. B332 (1990), 317-332.

[G] P.A. Griffiths: Periods of integrals on algebraic manifolds I, II, Am. J. Math. 90 (1968), 568-626, 805-865; Periods of integrals on algebraic manifolds: Summary of main results and discussion of open problems, Bull. Am. Math. Soc. 76 (1970), 228-296.

[H] N.J. Hitchin: Yang-Mills on Riemann surfaces, Proc. London Math. Soc. 55 (1987), 59-126.

[K-N2] S. Kobayashi, K. Nomizu: Foundations of differential geometry, Vol. II, Interscience, Wiley, New York, 1969.

[Kn] M. Kontsevich: Mirror symmetry in dimension 3, Séminaire BOURBAKI 47ème année, no. 801 (1994-95), 1-17.

[L-M] H.B. Lawson, M.-L. Michelson: Spin Geometry, Princeton Univ. Press, 1989. [M-K] J. Morrow, K. Kodaira: Complex manifolds, Holt, Rinehart and Winston, Inc., New York, 1970.

[Ti] G. Tian: Smoothness of the universal deformation space of compact Calabi-Yau manifolds and its Peterson-Weil metric, in Mathematical Aspects of String Theory, ed. S.-T. Yau, World Scientific, Singapore, 1987, 629-646.

[To] A. Todorov: The Weil-Petersson Geometry of the Moduli Space of SU(n ˘ 3) (Calabi- Yau) Manifolds I, Commun. Math. Phys. 126 (1989), 325-346.

[Y] S.-T. Yau (ed.): Essays on Mirror Manifolds, International Press, Hong Kong (1992).

Mathematisches Institut der Universität Bonn, Beringstr. 1, 53115 Bonn, Germany E-mail address: vicente@msri.org or vicente@rhein.iam.uni-bonn.de Current address: Mathematical Sciences Research Institute, 1000 Centennial Drive, Berkeley, CA 94720-5070