GENUS TW O HEEGAARD SPLITTINGS OF ORIENT ABLE

THREE-MANIF OLDS

HYAMRUBINSTEINANDMARTIN SCHARLEMANN

Abstra ct . It isshownin[BoO]that anytwogenusoneHeegaardsplittingsofthe samemanifold(typicallya lensspace)areisotopic.Ontheotherhand,it isshown in[BCZ]that certainSeifertmanifoldshavedistinctgenustwoHeegaardsplittings

(seealsoSection3here).In[RS]wepresenteda techniqueforcomparingHeegaard splittingsofthesamemanifoldand,usingthistechnique,derivetheBonahon-Otal uniquenesstheoremforlensspacesplittingsas a simplecorollary. The intent of thispaper isto usea similartechniqueto examine,in general,waysin which two non-isotopicgenustwoHeegardsplittingsofthe same3-manifoldarerelated.

Contents

1. Intro duction 2

2. Cabling handleb odies 3

3. Seifert examples of multiple Heegaard splittings 6

4. Other examples of multiple Heegaard splittings 8

4.1. Cablings

4.2. Double cablings

4.3. Non-separating tori

4.4. K4 examples

5. Essen tial ann uli in gen us two handleb odies 16

6. Characteristic varieties in Heegaard gen us two manifolds 20

7. Longitudes in gen us 2 handleb odies { some tec hnical lemmas 27

8. Positioning a pair of splittings - the hyp erb olike case 30

9. Alignmen t of P and Q 35

10. Comparing Heegaard splittings when tori are presen t 45

References 54

0Mathematicssubjectclassiflcation(1991):Primary57N10,secondary57M50.

Firstauthorpartiallysupportedby a grant fromthe AustralianResearch Council.

Secondauthorpartiallysupportedby MSRIandan NSFgrant.

1. Intr oduction

It is shown in [BoO] that any two genus one Heegaard splittings of the same manifold (typically a lens space) are isotopic. On the other hand, it is shown in [BCZ] that certain Seifert manifolds have distinct genus two Heegaard splittings (see also

Section 3 below). In [RS] we present a technique for comparing Heegaard splittings of the same manifold and derive the Bonahon Otal uniqueness theorem for lens space splittings as a simple corollary. The intent of this paper is to use the technique of [RS] to examine, in general, how two genus two Heegard splittings of the same 3-manifold compare.

One potential way ofcreating genus two Heegaard split 3-manifolds is to \stabilize" a splitting of lower genus (see [Sc, Section 3.1]). But since, up to isotopy, stabilization is unique and since genus one Heegaard splittings are known to be unique, this process cannot produce non-isotopic splittings. So we may as well restrict to genus two splittings that are not stabilized. A second way of creating a 3-manifold equipped with a genus two Heegaard splittingis to take the connected sum of two 3-manifolds, each with a genus one splitting. But (again since genus one splittings are unique) any two Heegaard splittings of the same manifold that are constructed in this way can be made to coincide outside a collar of the summing sphere. Within that collar there is one possible difierence, a \spin" corresponding to the non-trivial element of

…1(RP (2)), where RP (2) parameterizes unoriented planes in 3-space and the spin reverses the two sides of the plane. Put more simply, the two splittings difier only in the choice of which side of the torus in one summand is identifled with a given side of the splitting torus in the other summand.

These easier cases having been considered, interest will now focus on genus two splittings that are \irreducible" (see [Sc, Section 3.2]). It is a consequence of [CG] that a genus two splitting which is irreducible is also \strongly irreducible" (see [Sc,

Section 3.3], or the proof of Lemma 8.2 below). That is, if M = A [ P B is a Heegaard splitting, then any pair of essential disks, one in A and one in B, have boundaries that intersect in at least two points.

The result of our program is a listing, in Sections 3 and 4, of all ways in which two strongly irreducible genus two Heegaard splittings of the same closed orientable

3-manifold M compare. The proof that this is an exhaustiv e listing is the subject of the rest of the paper. What we do not know is when two Heegaard splittings constructed in the ways described are authen tically difierent. That is, we do not have the sort of algebraic invariants which would allow us to assert that there is no global isotopy of M that carries one splitting into another. For the case of Seifert manifolds (e. g. [BoO]) such algebraic invariants can be (non-trivially) derived from the very explicit form of the fundamental group.

Any 3-manifold with a genus two Heegaard splitting admits an orientation preserving involution whose quotient space is S3 and whose branching locus is a 3-bridge knot. The examples constructed in Section 4 are su–cien tly explicit that we can derive from them global theorems. Here are a few: If M is an atoroidal closed orientable

GENUSTWO HEEGAARDSPLITTINGSOF ORIENTABLETHREE-MANIFOLDS 3

3-manifold then the involutions coming from distinct Heegaard splittings necessarily commute. More generally, the commutator of two difierent involutions can be obtained by some composition of Dehn twists around essential tori in M. Finally, two genus two splittings become equivalent after a single stabilization.

The results we obtain easily generalize to compact orientable 3-manifolds with boundary, essentially by substituting boundary tori any place in which Dehn surgery circles appear.

We expect the methods and results here may be helpful in understanding 3-bridge knots (which appear as branch sets, as described above) and in understanding the mapping class groups of genus two 3-manifolds.

2. Cabling handlebodies

Imbed the solid torus S1£ D2in C2as f(z1;z2)jjz1j = 1;jz2j • 1g. Deflne a natural orientation-preserving involution £ : S1£ D2! S1£ D2by £( z1;z2) = (z1;z2). Notice that the flxed points of £ are precisely the two arcs f(z1;z2)jz1= § 1;¡ 1 • z2• 1g and the quotient space is B3. On the torus S1£ @D2 the flxed points of £ are the four points f(§ 1;§ 1)g.

For any pair of integers (p;q) 6= (0;0) we can deflne the (p;q) torus link Lp;q‰ S1£ @D2to be f(z1;z2) 2 S1£ @D2j(z1)p= (z2)qg. The (1;0) torus link is a meridian and the (k;1) torus link is a longitude of the solid torus. A torus knot is a torus link of one component which is not a meridian or longitude. In other words, a torus knot is a torus link in which p and q are relatively prime, and neither is zero. Up to orientation preserving homeomorphism of S1£ @D2 (given by Dehn twists) we can also assume, for a torus knot, that 1 • p < q.

Remark: Let Lp;q‰ S1£ @D2 be a torus knot, fi an arc that spans the annulus S1£ D2¡ Lp;qand fl be a radius of the disk fpointg £ D2 ‰ S1£ D2. Then the complement of a neighborhood of Lp;q[ fi in S1£ D2 is isotopic to a neighborhood of (S1£ f0g) [ fl in S1£ D2. This fact is useful later in understanding how cabling is afiected by stabilization.

Clearly £ preserves any torus link Lp;q. If Lp;qis a torus knot, so p and q can’t both be even, the involution £ jLp;qhas precisely two flxed points: (1;1) and either (¡ 1;¡ 1), if p and q are both odd; or (¡ 1;1) if p is even; or (1;¡ 1) if q is even. This has the following consequence. Let N be an equivariant neighborhood of the torus knot Lp;qin S1£ D2. Then N is topologically a solid torus, and the flxed points of £ jN are two arcs. That is, £ jN is topologically conjugate to £. (See Figure 1.)

Fig. 1.

The involution £ can be used to build an involution of a genus two handleb ody H as follows. Create H by attac hing together two copies of S1£ D2along an equivariant disk neighborhood E of (1;1) 2 S1£ @D2in each copy. Then £ acting simultaneously on both copies will produce an involution of H, which we continue to denote £. Again the quotient is B3 but the flxed point set consists of three arcs. (See Figure 2.) We will call £ the standar d involution on H. It has the following very useful properties: it carries any simple closed curve in @H to an isotopic copy of the curve, and, up to isotopy, any homeomorphism of @H commutes with it. It will later be useful to distinguish involutions of difierent handleb odies, and since, up to isotopy rel boundary, this involution is determined by its action on @H, it is legitimate, and will later be useful, to denote the involution by £ @H.

Fig. 2.

Two alternativ e involutions of the genus two handleb ody H = (S1£ D2)1[ E(S1£ D2)2 will sometimes be useful. Consider the involution that rotates H around a diameter of E, exchanging (S1£ D2)1and (S1£ D2)2. (See Figure 3.) The diameter is the set of flxed points, and the quotient space is a solid torus. This will be called the minor involution on H. The last involution is best understo od by thinking of H as a neighborhood of the union of two circles that meet so that the planes containing them are perpendicular. Then H is the union of two solid tori in which the core of one intersects the other in a diameter of a flber. Under this identiflcation, a full …

rotation of one solid torus around its core coincides in the other solid torus with the standard involution, and one of the arc of flxed points in the second torus is a subarc of the core of the flrst. The quotient of this involution is a solid torus and the flxed point set is the core of the torus together with an additional boundary parallel proper arc in the solid torus. This involution will be called the circular involution.

Fig. 3.

In analogy to deflnitions in the case of a solid torus, we have:

Deflnition 2.1. A meridian disk of a handlebody H is an essential disk in H. Its boundary is a meridian curve, or, more simply, a meridian. A longitude of H is a simple closed curve in @H that intersects some meridian curve exactly once. A meridian disk can be separating or non-separating. Two longitudes ‚;‚0‰ @H are separated longitudes if they lie on opposite sides of a separating meridian disk.

There is a useful way of imbedding one genus two handleb ody in another. Begin with H = (S1£ D2)1[ E (S1£ D2)2, on which £ operates as above. Let N be an equivariant neighborhood of a torus knot in (S1£ D2)1. Choose N large enough (or E small enough) that E ‰ N \ @(S1£ D2)1. Then H0= N [ E (S1£ D2)2 is a new genus two handleb ody on which £ continues to act. In fact £ @H0= £ @HjH0. We say the handleb ody H0is obtained by cabling into H or, dually, H is obtained by cabling out of H0. (See Figure 4.)

detail

6 HYAMRUBINSTEINANDMARTIN SCHARLEMANN

Fig. 4.

There is another useful way to view cabling into H. Recall the process of Dehn surgery: Let q=s be a rational number and fi be a simple closed curve in a 3-manifold

M. Then we say a manifold M0is obtained from M by q=s-surgery on fi if a solid torus neighborhood ·(fi) is removed from M and is replaced by a solid torus whose meridian is attac hed to Lq;s‰ @·(fi). Unless there is a natural choice of longitude for

·(fi) (e. g. when M = S3), q=s is only deflned modulo the integers or, put another way, we can with no loss of generality take 0 • q < s.

If we take fi to be the core S1£ f0g ‰ S1£ D2 and perform q=s surgery, then the result M0is still a solid torus, but Lq;s becomes a meridian of M0. The curve

Lp;r, with ps ¡ qr = 1 becomes a longitude of M0, because it intersects Lq;s in one point. A longitude L0;1 becomes the torus knot Lp;q‰ M0because it intersects a longitude p times and a meridian q times. So another way of viewing H0‰ H is this: Attac h a neighborhood (containing E, but disjoint from fi ‰ (S1£ D2)1) of the longitude (S1£ f1g)1to (S1£ D2)2. Then do q=s surgery to fi. The advantage of this point of view is that the construction is more obviously £ equivariant (since both the longitude and the core fi are clearly preserved by £) once we observe once and for all, from the earlier viewpoint (see Figure 1), that Dehn surgery is £ equivariant.

Of course it is also possible to cable into H via a similar construction in (S1£ D2)2, perhaps at the same time as we cable in via (S1£ D2)1.

3. Seifer t examples of mul tiple Heegaard splittings

A Heegaard splitting of a closed orientable 3-manifold M is a decomposition M =

A [ P B in which A and B are handleb odies, and P = @A = @B. In other words, M is obtained by gluing two handleb odies together by some homeomorphism of their

boundaries. If the splitting is genus two, then the splitting induces an involution on M. Indeed the standard involutions of A and B can be made to coincide on P , since the standard involution on A, say, commutes with the gluing homeomorphism @A! @B. So we can regard £ P as an involution of M.

We are interested in understanding closed orientable 3-manifolds that admit more than one isotopy class of genus two Heegaard splitting. That is, splittings M = A [ P B = X [ QY in which the genus two surfaces P and Q are not isotopic. (A separate but related question is whether there is an ambient homeomorphism which carries one to the other, i. e. whether the splittings are homeomorphic.) In this section we begin by discussing a class of manifolds for which the answer is well understo od.

It is a consequence of the classiflcation theorem of Moriah and Schultens [MS] that Heegaard splittings ofclosed Seifert manifolds (with orientable base and flberings) are either \v ertical" or \horizon tal". The consequence which is relevant here is that any such Seifert manifold which has a genus two splitting is in fact a Seifert manifold over S2 with three exceptional flbers. Through earlier work of Boileau and Otal [BO] it was already known that splittings of these manifolds were either vertical or horizontal and this led Boileau, Collins and Zieschang [BCZ] and, independently, Moriah [Mo] to give a complete classiflcation of genus 2 Heegaard decompositions in this case. In general, there are several.

Most (the vertical splittings) can be constructed as follows: Take regular neighborhoods of two exceptional flbers and connect them with an arc (transv erse to the flbering) that projects to an imbedded arc in the base space connecting the two exceptional points, which are the projections of the exceptional flbers. Any two such arcs are isotopic, so the only choice involved is in the pair of exceptional flbers. It is shown in [BCZ] that this choice can make a difierence { difierent choices can result in Heegaard splittings that are not even homeomorphic.

The various vertical splittings do have one common property, however. They all share the same standard involution. All that is involved in demonstrating this is the proper construction of the involution on the Seifert manifold M. In the base space, put all three exceptional flbers on the equator of the sphere. Now consider the orientation preserving involution of M that simultaneously reverses the direction of every flber and re�ects the base S2 through the equator (i. e. exchanges the flber lying over a point with the flber lying over its re�ection). This involution induces the natural involution on a neighborhood of any flber that lies over the equator, speciflcally the exceptional flbers. If we choose two of them, and connect them via a subarc of the equator, the involution on M is the standard involution on the corresponding Heegaard splitting.

Two types of Seifert manifolds have additional splittings (see [BCZ, Prop osition 2.5]). One, denoted V(2;3;a), is the 2-fold branched cover of the 3-bridge torus knot L(a;3)‰ S3;a ‚ 7, and the other, denoted W(2;4;b), is a 2-fold branched cover over the 3-bridge link which is the union of the torus knot L(b;2)‰ S3;b‚ 5 and the core of the solid torus on which it lies. Since these are three-bridge links, there is a sphere that divides them each into two families of three unknotted arcs in B3. The 2-fold

JPJQJJPQ ^{8 HYAMRUBINSTEINANDMARTIN SCHARLEMANNbranched cover of three unknotted arcs in B3 is just the genus two handleb ody (in}

fact the inverse operation to quotienting out by the standard involution). So this view of the links deflnes a Heegaard splitting on the double-branc hed cover M.

In both cases the natural flbering of S3by torus knots of the relevant slope lifts to the Seifert flbering on the double-branc hed cover. The torus knots lie on tori, each of which induces a genus one Heegaard splitting of S3. The natural involution of S3 deflned by this splitting (rotation about an unknot fi in S3that intersects the cores of both solid tori, see [BCZ, Figures 4 and 5]), preserves the flbering of S3 and induces the natural involution on any flber that intersects its axis. We can arrange that the exceptional flbers (including those on which we take the 2-fold branched cover) intersect fi. Then the standard involution of S3 simultaneously does three things.

It induces the standard involution £ P on M that comes from its vertical Heegaard decomposition M = A [ P B; it preserves the 3-bridge link L ‰ S3 that is the image of the flxed point set of the other involution £ Q; and it preserves the sphere which lifts to the other Heegaard surface Q ‰ M = X [ QY, while interchanging X and Y.

It follows easily that £ P and £ Q commute.

The product of the two involutions is again the standard involution, but with a difierent axis of symmetry. To see how this can be, note that the involution £ Q is in fact just a �ow of … along each regular flber and also along the exceptional flbers other than the branch flbers. Since the branch flbers have even index, a �ow of …

on regular flbers induces the identity on the branch flbers. So in fact £ Q is isotopic to the identity (just �ow along the flbers). The flxed point set of £ P intersects any flber in two points, … apart; indeed it is a re�ection of the flber across those two flxed points. Hence £ Qcarries the flxed point set of £ P to itself and the involutions commute. The composition £ P£ Q is also a re�ection in each flber { but through a pair of points which difier by …=2 from the points across which, in a regular flber,

£ P re�ects. See Figure 5.

Fig. 5.

4. Other examples of mul tiple Heegaard splittings

In this section we will list a number of ways of constructing 3-manifolds M, not necessarily Seifert manifolds, which support multiple genus two Heegaard splittings.

That is, it will follow from the construction that M has two or more Heegaard

splittings which are at least not obviously isotopic. The constructions are elementary enough that in all cases it will be easy to see that a single stabilization su–ces to make them isotopic. (We will only rarely comment on this stabilization property.) They are symmetric enough that in all cases we will be able to see directly how the corresponding involutions of M are related. When M contains no essential separating tori then, in many cases, the involutions from the difierent Heegaard splittings will be the same and, in all cases, the involutions will at least commute. When M does contain essential separating tori, the same will be true after possibly some Dehn twists around essential tori.

Deflnition 4.1. Suppose T2£ I ‰ M is a collar of an essential torus in a compact orientable 3-manifold M. Then a homeomorphism h : M! M is obtained by a Dehn twist around T2£ f0g if h is the identity on M ¡ (T2£ I).

Ultimately we will show that any manifold that admits multiple splittings will do so because the manifold, and any pair of difierent splittings, appears on the list below. This will allow us to make conclusions about how the involutions determined by multiple splittings are related. What we are unable to determine is when the examples which appear here actually do give non-isotopic splittings. For this one would need to demonstrate that there is no global isotopy of M carrying one splitting to another. This requires establishing a property of the splitting that is invariant under Nielsen moves and showing that the property is difierent for two splittings. For example, the very rich structure of Seifert manifold fundamental groups was exploited in [BCZ] to establish that some splittings were even globally non-isotopic.

4.1. Cablings. Consider the graph in ¡ ‰ S2 ‰ S3 consisting of two orthogonal polar great circles. One polar circle will be denoted ‚ and the other will be thought of as two edges ea and ebattac hed to ‚. The full … rotation ƒ „ : S3! S3 about the equator „ of S2 preserves ¡. Without changing notation, thicken ¡ equivariantly, so it becomes a genus three handleb ody and note that on the two genus two subhandleb odies ‚ [ ea and ‚ [ eb, ƒ „ restricts to the standard involution.

Now divide the solid torus ‚ in two by a longitudinal annulus A perpendicular to S2. The annulus A splits ‚ into two solid tori ‚a and ‚b. Both ends of the 1-handle ea are attac hed to ‚a and both ends of ebto ‚b. Deflne genus two handleb odies A and B by A = ‚a[ ea and B = ‚b[ eb. Then ƒ „ preserves A and B and on them restricts to the standard involution. Finally, construct a closed 3-manifold M from ¡ by gluing @A ¡ A to @B ¡ A by any homeomorphism (rel boundary). Such a 3-manifold M and genus two Heegaard splitting M = A [ P B is characterized by the requirement that a longitude of one handleb ody is identifled with a longitude of the other. See Figure 6.

´ebea�

detaileb eaa´´b

10 HYAMRUBINSTEINANDMARTIN SCHARLEMANN

Fig. 6.

Question : Which 3-manifolds have such Heegaard splittings?

Sofar we have described a certain kind ofHeegaard splitting, but have not exhibited

multiple splittings ofthe same 3-manifold. But such examples can easily be built from

this construction: Let fi a and fi b be the core curves of ‚ a and ‚ b respectively.

Variation 1 : Alter M by Dehn surgery on fi a , and call the result M

0

. The

splitting surface P remains a Heegaard splitting surface for M

0

, but now a longitude

of B

0

= B is attac hed to a twisted curve in @A

0

. Since fi a and fi b are parallel in M, we

could also have gotten M

0

by the same Dehn surgery on fi b . But the isotopy from fi a

to fi b crosses P , so the splitting surface is apparen tly difierent in the two splittings.

In fact, one splitting surface is obtained from the other by cabling out of B

0

and into

A

0

. It follows from the Remark in Section 2 that the two become equivalent after a

single stabilization.

Variation 2 : Alter M by Dehn surgery on both fi a and fi b and call the result M

0

.

(Note that M

0

then contains a Seifert submanifold.) In ‚ the annulus A separates

the two singular flbers fi a and fi b . New splitting surfaces for M

0

can be created by

replacing A by any other annulus in ‚ that separates the singular flbers and has the

same boundary . There are an integer’s worth of choices, basically because the braid

group B 2

»

= Z. Equivalently, alter P by Dehn twisting around the separating torus

@‚.

4.2. Double cablings. Just as the previous example of symmetric cabling is a

special case of Heegaard splittings, so the example here of double cablings is a special

case of the symmetric cabling above, with additional parts of the boundaries of A

and B identifled.

Consider the graph in ¡ ‰ S

2

‰ S

3

consisting of two circles „ n and „ s of constant

latitude, together with two edges e a and e b spanning the annulus between them in

S

2

. Both e a and e b are segments of a polar great circle ‚. The full … rotation ƒ

‚

:

S

3

! S

3

about ‚ preserves ¡. Without changing notation, thicken ¡ equivariantly,

so it becomes a genus three handleb ody and note that on the two genus two sub-

handleb odies „ n [ e a [ „ s and „ n [ e b [ „ s , ƒ restricts to the standard involution.

Now remove from both „ n and „ s annuli A n and A s respectively, chosen so that

the boundary of each of the annuli is the (2;2) torus link in the solid torus. That

�n�sebeadetail

eamnbmnan Á GENUSTWO HEEGAARDSPLITTINGSOF ORIENTABLETHREE-MANIFOLDS 11 is, each boundary component is the (1;1) torus knot, where a preferred longitude of the solid torus „n or „s is that determined by intersection with S2. Place An and

As so that they are perpendicular to S2 at the points where the edges ea and ebare attac hed. Then An divides „n into two solid tori, one of them „na attac hed to one end of ea and the other „nbattac hed to an end of eb. The annulus As similarly divides the solid torus „s.

Deflne genus two handleb odies A and B by A = „na[ ea[ „sa and B = „nb[ eb[

„sb. Then ƒ ‚ preserves A and B and on them restricts to the standard involution.

Finally, construct a closed 3-manifold M from ¡ by gluing @A ¡ (An[ As) to @B ¡

(An [ As) by any homeomorphism (rel boundary). Such a 3-manifold M and genus two Heegaard splitting M = A [ P B is characterized by the requirement that two separated longitudes of one handleb ody are identifled with two separated longitudes of the other. See Figure 7.

Fig. 7.

Question : Which 3-manifolds have such Heegaard splittings?

Just as in example 4.1, manifolds with multiple Heegaard splittings can easily be built from this construction:

Variations 1: Let fina;finb;fisa;fisb be the core curves of „na;„nb;„sa and „sb respectively. Do Dehn surgery on one or more of these curves, changing M to M0. If a single Dehn surgery is done in „n and/or „s then there is a choice on which of the possible core curves it is done. If two Dehn surgeries are done in „n and/or „s then there is an integer’s worth of choices of replacements for An and/or As, corresponding to Dehn twists around @„n and/or @„s. Up to such Dehn twists, all these Heegaard splittings induce the same natural involution on M0.

Variation 2: Let ‰a be a simple closed curve in the 4 punctured sphere @A \ @¡ with the property that ‰a intersects the separating meridian disk orthogonal to ea exactly twice and a meridian disk of each of „na and „sain a single point. Similarly deflne ‰b. Suppose the gluing homeomorphism h : @A\ @¡! @B \ @¡ has h(‰a) = ‰b, and call the resulting curve ‰.

Push ‰ into A and do any Dehn surgery on the curve. Since ‰ is a longitude of A the result is a handleb ody. Similarly, if the curve were pushed into B before doing

detail

nTeamnbmna

�am

12 HYAMRUBINSTEINANDMARTIN SCHARLEMANN surgery, then B remains a handleb ody. So this gives two alternativ e splittings. But this is not new, since this construction is obviously just a special case of a single cabling (Example 4.1). However, if we do surgery on the curve ‰ after pushing into A and simultaneously do surgery on one or both of finband fisbwe still get a Heegaard splitting. Now push ‰ into B and simultaneously move the other surgeries to fina and/or fisa and get an alternativ e splitting.

4.3. Non-separating tori. Let ¡;An;As and the four core curves fina;finb;fisa;fisb be deflned as they were in the previous case, Example 4.2, but now consider the

…-rotation ƒ „ that rotates S3around the meridian „ of S2. This involution preserves

¡ and the 1-handles ea and eb, but it exchanges north and south, so „n is exchanged with „s, and An with As. Remove small tubular neighborhoods of core curves fin and fis of the solid tori „n and „s, and with them small core sub-annuli of An and

As. Choose these neighborhoods so that they are exchanged by ƒ „ and call their boundary tori Tn and Ts. Attac h Tn to Ts by an orientation reversing homeomorphism h that identifles the annulus Tn \ „na with Ts \ „sa and the annulus Tn \ „nbwith

Ts \ „sb. Choose h so that the orientation reversing composition ƒ „h : Tn! Tn flxes two meridian circles, ¿+ and ¿¡, lying respectively on the meridian disk of „n at which ea and eb are attac hed. The resulting manifold ¡T is orientable and, in fact, is homeomorphic to T2£ I with two 1-handles attac hed. Let T ‰ ¡T be the nonseparating torus which is the image of Ts (and so also Tn). Also denote by ¿§a the two arcs of intersection of ¿+ and ¿¡ with A; these arcs lie on the longitudinal annulus

A \ T. Similarly denote the two arcs ¿§ \ B by ¿§b. See Figure 8.

Fig. 8.

Note that in ¡T the union of ea;„na, and „nbis a genus two handleb ody A that intersects T in a longitudinal annulus. Similarly, the remainder is a genus two handlebody B that also intersects T in a genus two handleb ody. The involution ƒ „ acts on ¡T, preserves T (exchanging its two sides and flxing the two meridians ¿§), and preserves both A and B. The flxed points of the involution on A consist of the arc „ \ ea and also the two arcs ¿§a. It is easy to see that this is the standard involution on A, and, similarly, ƒ „jB is the standard involution. Now glue together

the 4-punctured spheres @A\ @¡ and @B \ @¡ by any homeomorphism rel boundary. The resulting 3-manifold M and genus two Heegaard splitting M = A [ P B has standard involution £ P induced by ƒ „. The splitting is characterized by the requirement that two distinct longitudes of one handleb ody, coannular within the handleb ody, are identifled with two similar longitudes of the other.

Question : Which 3-manifolds have such Heegaard splittings? Much as in the previous examples, manifolds with multiple Heegaard splittings can be built from this construction:

Variation 1: We can assume that the deleted neighborhoods of fin and fis in the construction of M above were small enough to leave the parallel core curves fina;finb;fisa;fisbintact. Do Dehn surgery on fina (or, equivalently, fisa), changing M to M0. The same manifold M0can be obtained by doing the same Dehn surgery to finb(or, equivalently, fisb), but the Heegaard splittings are not obviously isotopic, for they difier by cabling into A and out of B.

Variation 2: Do Dehn surgery on both fina and finb(or, equivalently, both fisa and fisb), changing M to M0. This inserts two singular flbers in the collar T2£ I between @„s and @„n and these are separated by two spanning annuli, the remains of the annuli An and As glued together. View this region as a Seifert manifold, with two exceptional flbers, over the annulus S1£ I. Let pa;pbdenote the exceptional two points. The annuli project to two spanning arcs in (S1£ I) ¡ fpa;pbg. There is a choice of such spanning arcs, and so of spanning annuli between @„s and @„n that still produce a Heegaard splitting. The choices of arcs all difier by braid moves in (S1£ I) ¡ fpa;pbg, and these correspond to Dehn twists around essential tori in M0.

Variation 3: This variation does not involve Dehn surgery. Let Ra be the long rectangle that cuts the 1-handle ea down the middle, intersecting every disk flber of ea in a single diameter, always perpendicular to S2. Extend RA by attac hing meridian disks of „na and „nbso the ends of RAbecome identifled to ¿+a. Since the identiflcation is orientation reversing, RAbecomes a Mõbius band in A, corresponding to the annulus spanned by L1;2 in one of the solid tori summands of A. Deflne RB similarly, but add a half-twist, so that RB becomes a non-separating longitudinal torus in B.

Now construct M as above, choosing a gluing homemorphism @A \ @¡! @B \ @¡ so that RA\ @¡ ends up disjoint from RB \ @¡. There are an integer’s worth of possibilities for this gluing, corresponding to Dehn twists around the annulus complement of RA in the 4-punctured sphere @A \ @¡. The four arcs divide the 4-punctured sphere into two disks.

Let Y be the genus 2 handleb ody obtained from B in two steps: First remove a collar neighborhood of the annulus RB, cutting B open along a longitudinal annulus. At this point ƒ „ is the minor involution on Y, since the half-twist in RB means that it contains the arc „ \ eb as well as the arc ¿+a. To get the standard involution on Y, … rotate around an axis S3 perpendicular to S2 and passing through the points where „ intersects the cores of ea and eb. Call this rotation ƒ ?. Two arcs of flxed points lie in the disk flber (now split in two) where ebcrosses „. A third arc of flxed points, more di–cult to see, is what remains of a core of the annulus T \ A, once a

detail

�ebeábmbmbma-+-eb§ma+ 14 HYAMRUBINSTEINANDMARTIN SCHARLEMANNneighborhood of ¿+a is removed.Next attac h a neighborhood of the Mõbius band RAto Y. One can see that it isattac hed along a longitude of Y, so the efiect is to cable out of Y into its complement{ Y remains a handleb ody. Moreover, ƒ ? still induces the standard involution on Y.Similarly, if a neighborhood of RA is removed from A the efiect is to cable intoA and if a neighborhood of RB is then attac hed the result is still a handleb ody X.The Heegaard decomposition M = X [ QY has standard involution £ Q induced byƒ ?, since Y did. Notice that ƒ ? and ƒ „ commute, with product ƒ ‚, so £ P and £ Qcommute. The product involution £ P£ Qhas flxed point set in B (resp. X) the corecircle of RB and an additional arc which crosses ¿¡bin a single point. That is, it isthe \circular involution" on both handleb odies (and also on A and Y).4.4. K4 examples. Construct a complex ¡, isomorphic to K4, in S2as follows. Let„ denote the equator and ‚a;‚btwo orthogonal polar great circles. Let the edge eabe the part of ‚a lying in the upper hemisphere and the edge ebbe the part of ‚bthatlies in the lower hemisphere. Then take ¡ = „ [ ea[ eb. Without changing notation,thicken ¡ equivariantly, so it becomes a genus three handleb ody. See Figure 9.Fig. 9.Consider the two …-rotations ƒ a;ƒ bthat rotate S3around, respectively, the curves‚a;‚b. Both involutions preserve ¡ and preserve also the individual parts „; ea andeb. Notice that ƒ a induces the minor involution on the genus two handleb ody „ [ eaand the standard involution on the genus two handleb ody „ [ eb. The symmetricstatemen t is true for ƒ b.Consider the link L4;4‰ „. The link intersects any meridian disk of„ in four points.Let � denote the inscribed \square" torus (S1£ squar e) ‰ „ which, in each meridiandisk of „, is the convex hull of those four points. The complementary closure of �in „ consists of four solid tori. Isotope L4;4 so that two of the complementary solidtori, „a§, lying on opposite sides of � are attac hed to ea, each to one end of ea. Theother two, „b§ are then similarly attac hed to eb. Notice that, paradoxically, ƒ a nowinduces the standard involution on the genus two handleb ody A¡ = „a+ [ „a¡ [ eaand the minor involution on the genus two handleb ody B¡ = „b+ [ „b¡ [ eb. The

latter is because ‚a is disjoint from both of „b§ and so only intersects the handleb ody in a diameter of a meridian disk of eb. The symmetric statemen ts are of course true for ƒ b. Finally, let M¡ be a 3-manifold obtained by gluing together the 4-punctured spheres @A¡ \ @¡ and @B¡ \ @¡ by any homeomorphism rel boundary. Note that so far we have not identifled any Heegaard splitting of M, since � is in neither A¡ nor B¡. Variation 1: Let A = A¡ and B = B¡ [ �. Then M = A [ P B is a Heegaard splitting, on which ƒ a is the standard involution. Indeed, we’ve already seen that ƒ a is standard on A = A¡ and it is standard on B since ‚a passes twice through � ‰ B, as well as once through eb. Alternativ ely, let X = A¡ [ � and Y = B¡. Then, for exactly the same reasons, M = X [ QY is a Heegaard splitting, on which ƒ b acts as the standard involution. Notice that ƒ a and ƒ b commute. Their product is … rotation about the circle perpendicular to S2 through the poles. This is the minor involution on both A and B. It follows that £ P and £ Q commute and their product operates as the minor involution on all four of A;B;X;Y.

Variation 2: Let M0be obtained by a Dehn surgery on the core of �. The constructions of Variation 1 give two Heegaard splittings of M0as well, with commuting standard involutions. But more splittings are available as well: A could be cabled into B in two difierent ways, essentially by moving the Dehn surgered circle into either of „a§. Similarly Y could be cabled into X. Since such cablings have the same standard involution, the various alternativ es either coincide or commute.

Variation 3: Let M0 be obtained by Dehn surgery on two parallel circles in �. These can be placed in a variety of locations and still we would have Heegaard splittings: If at most one is placed as a core of „a+ or „a¡ and the other is left in �, then still M0= A0[ P0B0is a Heegaard splitting. Similarly if one is put in „a+ and the other in „a¡. In both cases the splittings can additionally be altered by Dehn twists around the now essential torus @„. We could similarly move one or both of the two surgery curves into „b§ to alter the splitting M0= X0[ Q0Y0. Finally, we could move one into „a§ and the other into „b§. Then respectively A0[ P0B0and X0[ Q0Y0 are alternativ e splittings.

Variation 4: Let M0be obtained by Dehn surgery on three parallel circles in �. If one is placed in each of „a+ and „a¡ and the third is left in � we still have a Heegaard splitting M0= A0[ P0B0. Moreover, there is then a choice of how the pair of annuli P \ „ lie in „. The surgeries change „ into a Seifert manifold over a disk, with three exceptional flbers lying over singular points pa+;pa¡ and p�. The annuli P 0\ „ lie over proper arcs in the disk, which can be altered by braid moves on the singular points. These braid moves translate to Dehn twists about essential tori in M0. We could similarly arrange the three surgery curves with respect to „b§ to alter the splitting M0= X0[ Q0Y0.

Variation 5: Let ‰a be a simple closed curve in the 4 punctured sphere @A¡ \ @¡ with the property that ‰a intersects the separating meridian disk orthogonal to ea exactly twice and a meridian disk of each of „a§ in a single point. Similarly deflne ‰b. Suppose the gluing homeomorphism h : @A¡ \ @¡! @B¡ \ @¡ has h(‰a) = ‰b.

Push ‰a into A¡ and do any Dehn surgery on the curve. Since ‰a is a longitude of

A¡ the result is a handleb ody A0. The complement is the handleb ody B of Variation 1. On the other hand, if the curve (identifled with ‰b) were pushed into B¡ before doing surgery, then B¡ remains a handleb ody Y0and its complement is the handlebody X of Variation 1. So this pair of alternativ e splittings, M = A0[ PB = X [ QY0, is in some sense a variation of variation 1.

Variation 6: Just as Variation 5 is a modifled Variation 1, here we modify Variations 2 and 3. Suppose curves ‰a and ‰bare identifled as in Variation 5, and do Dehn surgery on this curve ‰. But also do another Dehn surgery on one or two curves parallel to the core of �, as in Variation 2. If ‰ is pushed into A¡ and at most one of the other Dehn surgery curves is put in each of A and B then A0[ P0B0is a Heegaard splitting. If ‰ is pushed into B¡ and at most one of the other Dehn surgery curves is put in each of X and Y, then X0[ Q0Y0is a Heegaard splitting.

Variation 7: Topologically, � »= S1£ D2; choose a framing so that L1;1 ‰ @� is identifled with S1£ fpointg. Remove the interior of � from ¡ and identify @� »= S1£ @D2 to itself by an orientation reversing involution ¶that is a re�ection in the S1 factor and a … rotation in @D2. In particular ¶ identifles the two longitudinal annuli A¡ \ � (resp. B¡ \ �. Hence, after the identiflcation given by ¶, A¡ (resp. B¡) becomes a genus two handleb ody A (resp. B). A closed 3-manifold can then be obtained by gluing together the 4-punctured spheres @A¡ \ @¡ and @B¡ \ @¡ by any homeomorphism rel boundary. Equivalently, the closed manifold M is obtained from an M¡ (with boundary a torus) constructed as in the initial discussion above by identifying the torus @M¡ to itself by an orientation reversing involution. The quotient of the torus is a Klein bottle K ‰ M, typically the characteristic variety of M. To create from this variation examples of a single manifold with multiple splittings, apply the same trick as in earlier variations: Do Dehn surgery on the core curve of „b+ (equivalently „b¡ and/or the core curve of „a+ (equivalently „a¡. If we do the surgery on one curve (so the characteristic variety becomes a torus cutting ofi a Seifert piece, flbering over the Mõbius band with one exceptional flber) then there is a choice of whether the curve lies in A¡ or B¡. If we do surgery on two curves (so the Seifert piece flbers over the Mõbius band with two exceptional flbers) then there is a choice of which vertical annulus in the Seifert piece becomes the intersection with the splitting surface. In the former case the standard involutions of the two splittings are the same and in the latter they difier by Dehn twists about an essential torus.

5. Essential annuli in genus tw o handlebodies

It’s a consequence of the classiflcation of surfaces that on an orientable surface of genus g there is, up to homeomorphism, exactly one non-separating simple closed curves and [g=2] separating simple closed curves. For the genus two surface F , this means that each collection ¡ of disjoint simple closed curves is determined up to homeomorphism by a 4-tuple of non-negativ e integers: (a; b;c;d) where a ‚ b ‚ c and c¢d = 0 (see Figure 10). Denote this 4-tuple by I(¡).

abcd

GENUSTWO HEEGAARDSPLITTINGSOF ORIENTABLETHREE-MANIFOLDS 17

Fig. 10.

Any collection of simple closed curves might occur as the boundary of some disks in a genus two handleb ody and any collection of an even number of curves might also occur as the boundary of some annuli in a genus two handleb ody, just by taking @-parallel annuli or tubing together disks. To avoid such trivial constructions deflne:

Deflnition 5.1. A properly imbedded surface S in a compact orientable 3-manifold M is essential if S is incompressible and no component of S is @-parallel.

Lemma 5.2. Suppose A ‰ H is a collection of disjoint essential annuli in a genus 2 handlebody H. Then I(@A) = (k;l;0;0) where l ‚ 0 and k + l is even.

Proof. Since A ‰ H is incompressible, it is @-compressible. Let D be the disk obtained by a single @-compression. Note that the efiect of the @-compression on @A is to band sum two distinct curves together. The band cannot lie in an annulus in @H between the curves, since A is not @-parallel. So if I(@A) = (k;l;m; 0);m > 0 or (k;l;0;n);n > 0, the band must lie in a pair of pants component of @H ¡ @A. In that case @D would be parallel to a component of @A, contradicting the assumption that A is incompressible.

Finally, k+ l is even since each component of A has two boundary components.

Lemma 5.3. Suppose S ‰ H is an essential oriented properly imbedded surface in a genus 2 handlebody H and ´ (S) = ¡ 1. Suppose that [S] is trivial in H2(H;@H), and that no component of S is a disk. Then I(@A) = (k;l;1;0) or (k;l;0;1).

Proof. S is @-compressible, but the flrst @-compression can’t be of an annulus component. Indeed, the result of such a @-compression would be an essential disk in H disjoint from S. If we cut open along this disk, it would change H into either one or two solid tori. But the only incompressible surfaces that can be imbedded in a solid torus are the disk and the annulus, so ´ (S) = 0, a contradiction. We conclude that the flrst @-compression is along a component S0 with ´ (S0) = ¡ 1.

After @-compression S0 becomes an annulus A. If A were @-parallel then the part of S0which was @-compressed either lies in the region of parallelism or outside it. In the former case, S0would have been compressible and in the latter case it would have been @-parallel. Since neither is allowed, we conclude that A is not @-parallel. So after the @-compression the surface becomes an essential collection of disjoint annuli, and Lemma 5.2 applies.

We now examine the possibilities other than those in the conclusion and deduce a contradiction in each case.

Case 1 : I(@S) = (k;l;0;n);n > 1.

icon

18 HYAMRUBINSTEINANDMARTIN SCHARLEMANN

The @-compression is into one of the complementary components and can reduce n by at most 1. So after the @-compression the last coordinate is still non-trivial, contradicting Lemma 5.2.

Case 2 : I(@S) = (k;l;m; 0);m > 1.

Since k ‚ l ‚ m the complementary components are annuli and two pairs of pants.

The @-compression then reduces m by at most one, yielding the same contradiction to Lemma 5.2.

Case 3 : I(@S) = (k;l;0;0).

Since ´ (S) = ¡ 1, k + l is odd, hence either k or l is odd. Then there is a simple closed curve in @H intersecting S an odd number of times, contradicting the trivialit y of [S] in H2(H;@H).

Remark: It is only a little harder to prove the same result, without the assumption that [S] = 0, but then there is the additional possibility that I(S) = (1;0;0;0).

Deflnition 5.4. Suppose H is a handlebody and c ‰ @H is a simple closed curve.

Then c is twisted if there is a properly imbedded disk in H which is disjoint from c and, in the solid torus complementary component S1£ D2‰ H in which c lies, c is a torus knot L(p;q);p ‚ 2 on @(S1£ D2).

Deflnition 5.5. A collection of annuli, all of whose boundary components are longitudes is called longitudinal . If all are twisted, then the collection is called twisted.

Figures 11-13 show annuli which are respectively longitudinal, twisted and nonseparating, and twisted and separating. Displayed in the flgure is an \icon" meant to schematically present the particular annulus. The icon is inspired by imagining taking a cross-section of the handleb ody near where the two solid tori are joined.

The cross-section is of a meridian of the horizontal torus in the handleb ody flgure together with part of the vertical torus. Such icons will be useful in presenting rough pictures of how families of annuli combine to give tori in 3-manifolds.

Fig. 11.

detail

icon

detail

icon

GENUSTWO HEEGAARDSPLITTINGSOF ORIENTABLETHREE-MANIFOLDS 19

Fig. 12.

Fig. 13.

Lemma 5.6. Suppose A is a properly imbedded essential collection of annuli in a genus two handlebody H. Then the components of @A are either all twisted or all

efg

20 HYAMRUBINSTEINANDMARTIN SCHARLEMANN

longitudes. If they are all longitudes, then the components of A are all parallel and each is non-separating in H. If they are all twisted and I(@A) = (k;l;0;0) then one of these two descriptions applies:

† A consists of two families of k=2 and l=2 parallel annuli, each annulus separates H or † A consists of at most three families of parallel annuli, numbering respectively e;f ;g ‚ 0, with each annulus in the flrst two families non-separating, each annulus in the last family separating and e + f = l;e + f + 2g = k.

Proof. By Lemma 5.2 I(@A) = (k;l;0;0). Let A0denote the surface obtained from a @-compression of A, necessarily into the unique complementary component of @H ¡ A that is a 4-punctured sphere (or twice punctured torus if l = 0). Then A0contains an essential disk D, and @D is disjoint from @A.

If D is a separating disk in H then the complementary solid tori contain A. Any proper annulus in a solid torus is either compressible or @-parallel, so in each solid torus component T of H ¡ D, A is a collection of annuli all parallel to the component of @T ¡ A that contains D, and to no other component of @T ¡ A. It follows that @A \ T consists of a collection of torus knots L(p;q);p ‚ 2 in @T.

If D is a non-separating disk, then H ¡ D is a single solid torus T and all curves of A \ @T are parallel in @T. Each annulus is @-parallel to an annular component of @T ¡ A that contains one of the two copies of D lying in @T. If the curves are all longitudes in T (so each annulus in A is @-parallel to both annuli of @T ¡ A) then the annuli must all be parallel, with a copy of D in each of the two components of @T ¡ A to which they are boundary parallel. If @T \ A consists of (p;q);p ‚ 2 curves then each annulus in A is boundary parallel to exactly one annulus in @T. Since A is essential, such an annulus in @T must contain either one copy of D or the other, or both copies of D. This accounts for the three families, as described. (See Figure 14.)

Fig. 14.

6. Chara cteristic varieties in Heegaard genus tw o manif olds

For M a closed orientable irreducible 3-manifold there is a (possibly empty) collection of tori, each of whose complementary components is either a Seifert manifold or contains no essential tori or annuli. A minimal such collection F of tori is called the characteristic variety for M and is unique up to isotopy [Ja, Ch. IX].

AB

GENUSTWO HEEGAARDSPLITTINGSOF ORIENTABLETHREE-MANIFOLDS 21

Suppose M is of Heegaard genus two and contains an essential torus. Let M = A [ P B be a (strongly irreducible) genus two Heegaard splitting. Using the sweepout of M by P determined by the Heegaard splitting, we can isotope F so that it intersects A and B in a collection of essential annuli. Indeed, it is easy to arrange that all curves of P \ F are essential in both surfaces, so each component of F ¡ P is an incompressible annulus. Inessential annuli in A or B can be removed by an isotopy. In the end, since no component of F can lie in a handleb ody, F \ A and F \ B are non-empt y collections of essential annuli.

Note that if T is a torus in F and fi is an essential curve in T, then on at least one side of T, fi cannot be the end of an essential annulus. This is obvious if on one side of T the component of M ¡ T is acylindrical. If, on the other hand, both sides are Seifert manifolds, then the annuli must both be vertical, so the flberings of the Seifert manifolds agree on T. This contradicts the minimalit y of F . These remarks show that in P , if I(@F ) = (k;l;0;0) then 0 • l • k • 2 (and of course k + l is even). With this in mind, we now examine how the tori F can intersect A and B.

Case 1 (Single ann ulus) : From 5.6 we see that if k = 2;l = 0 then F is a separating annulus in each of A and B and the Seifert manifold V ‰ M has base space a disk and two singular flbers. Since P \ V is a single annulus, call this the single annulus case. Example 4.1, Variation 2 describes all splittings of this type. A special case is 4.4 Variation 3, when one of the Dehn surgery curves is placed in „a§ and the other in either „b§ or �. When one is in „a§ and the other in „b§, the annulus P \ V is in the part of @A \ @¡ that’s identifled with @B \ @¡. See Figure 15.

Fig. 15.

Case 2 (Non-separating torus) :If k = l = 1 then F intersects both A and B in a single non-separating annulus. Since no properly imbedded annulus in M ¡ F (with ends on the same side of F ) is essential, the involution £ P takes each annulus F \ A and F \ B to itself. This means that in each of A and B the curves F \ P are longitudes. Call this the single non-separating torus case. Example 4.3 describes all splittings of this type. See Figure 16.

ABAB

22 HYAMRUBINSTEINANDMARTIN SCHARLEMANN

Fig. 16.

The case k = l = 2 admits a number of possibilities, depending on whether the annuli in A and/or B are separating or non-separating and, ifnon-separating, whether they are parallel or not.

Case 3 (Double torus) : If k = l = 2 and annuli on both sides are non-separating, then either F is a single separating torus, for example cutting ofi the neighborhood of a one-sided Klein bottle (discussed as Case 7 below), or F is a pair of non-separating tori. Between the tori lies a Seifert manifold with base the annulus and one or two singular flbers (at most one in each of A and B). Whether there are one or two singular flbers depends on whether the annuli on one side or both sides are nonparallel. Call the latter the double torus case. Example 4.3, Variations 1 and 2 describe all splittings of this type. See Figure 17.

Fig. 17.

Case 4 (Double ann ulus) : Suppose k = l = 2 and in one of A or B, say A, the annuli are separating and in the other they are non-separating and non-parallel. Then F is a single separating torus. On one side of the torus is a Seifert manifold V flbering over the disk with three exceptional flbers, two in A and the third in B lying between the pair of non-separating annuli F \ B. Call this the double annulus case. Example 4.4, Variation 4 describes all splittings of this type. See Figure 18. The dotted half-circle indicates schematically that there is an additional twisted annulus, not visible in this cross-section and separated from the visible one by a separating disk in the handleb ody.

ABAB

GENUSTWO HEEGAARDSPLITTINGSOF ORIENTABLETHREE-MANIFOLDS 23

Fig. 18.

Case 5 (P arallel ann uli) : Suppose k = l = 2 and in one of A or B, say A, the annuli are separating and in the other they are non-separating and parallel. Then again F is a single separating torus. On one side of the torus is a Seifert manifold V flbering over the disk with two exceptional flbers, both in A. F \ B and P \ V are each a pair of parallel annuli, so call it the parallel annuli case. Notice that the annuli F \ B are longitudinal by the same argument as in the single non-separating torus case. Example 4.4, Variation 3, with surgeries in „a+ and „a¡, describes all splittings of this type. See Figure 19.

Fig. 19.

Case 6 (Non-parallel tori) : Suppose k = l = 2 and in both of A and B the annuli are separating. Then F consists of two separating tori, each bounding Seifert manifolds which flber over the disk with two exceptional flbers. Example 4.2, Variation 1, with Dehn surgery performed on all four of fina;finb;fisa;fisbdescribes all examples of this type. See Figure 20.

ABAB

24 HYAMRUBINSTEINANDMARTIN SCHARLEMANN

Fig. 20.

Case 7 (Klein bottle) : If k = l = 2 and annuli on both sides are non-separating, then it could be that, when the pairs of annuli are attac hed along their ends, the result is a single separating torus. The torus cuts ofi a Seifert piece V that is the union of the two parts of A and B that lie between the annuli. For example, if the pairs of annuli F \ A and F \ B are both parallel in A and B respectively, then V is the neighborhood of a one-sided Klein bottle. More generally, V flbers over a Mõbius band with zero, one, or two singular flbers (at most one in each of A and B). Note that when there are no singular flbers, so V is the neighborhood of a one-sided Klein bottle, then V can also be flbered over the disk with two singular flbers. The flbering circles are orthogonal in @V; in the flbering over the Mõbius band the flber projects to a curve in the Klein bottle whose complement is a cylinder and in the flbering over a disk the flber projects to a curve whose complement is two Mõbius bands. These cases correspond to Example 4.4. See Figure 21.

Fig. 21.

As can be seen from the above descriptions, each case is determined, with one exception, by the Seifert piece V. If V is just the neighborhood of a single nonseparating torus, this is the non-separating torus case. If V is a Seifert manifold over the annulus with one or two exceptional flbers then it is the double torus case. If V has two components (each flbering over the disk with two exceptional flbers) then it is the non-parallel tori case. If V flbers over the disk with three exceptional flbers then it is the double annulus case. If V flbers over the Mõbius band with one or two exceptional flbers, then it is the Klein bottle case. Only when V flbers over the disk with two exceptional flbers, could the splitting be either the single annulus or the parallel annuli case or (if both singular flbers have slope 1=2) the Klein bottle case.

cableAB AB

GENUSTWO HEEGAARDSPLITTINGSOF ORIENTABLETHREE-MANIFOLDS 25

In some situations the splittings described by the single annulus and the parallel annuli case are closely related. For example, begin with Example 4.4 Variation 3, with one Dehn surgery circle in each of „a§. This is the parallel annulus case, with characteristic variety „a+[ � [ „a¡. Now move the surgery circle in „a+ into �. This is now the single annulus case, with characteristic variety � [ „a¡. In fact, if we cut along the annulus @„a¡ \ �, no longer identifying boundaries of A and B there, the result is a splitting as in Example 4.1, Variation 2. See Figure 22.

Fig. 22.

We can formalize this example as follows:

Lemma 6.1. Suppose M = A [ P B has Seifert part V, flbering over the disk with two exceptional flbers. Suppose P intersects V as in the parallel annuli case (that is, P \ V consists of two essential parallel annuli) and the region between the annuli lies in B, say. Then P can be cabled into A to get a splitting surface P 0intersecting V as in the single annulus case. Moreover in B0¡ V there is an annulus with one end a core of the annulus F \ B0and other end a curve on P 0which is longitudinal in A0.

Dually, suppose P intersects V as in the single annulus case and in B ¡ V there is an annulus with one end a core of F \ B and other end a curve on P which is longitudinal in B. Then P can be cabled into B to get a splitting surface P 0 intersecting V as in the parallel annulus case.

Proof. The flrst part is obtained by replacing one of the annuli in P \ V with the incident annulus component of F \ B. The second part follows from the flrst by reversing the construction.

In the example preceding the lemma, a spanning annulus as called for in the lemma is one in � parallel to @� \ „b§.

In each of the seven cases listed above, there is a Seifert part V (possibly just a thickened torus in the non-separating torus case) which P intersects in annuli and a single complementary component W which it intersects in a more complicated surface. Since F lies in V we know that W is atoroidal. It is also acylindrical except possibly for an annulus whose ends in @V are non-flbered curves and whose complement in W is one or two solid tori. That is, W could itself be a Seifert manifold over a disk with two exceptional flbers or over an annulus or Mõbius band with one exceptional flber, as long as the flbering doesn’t match the flbering of V.

In any case, W has the following structure: W = A¡ [ P¡ B¡, where P¡ is a properly imbedded surface (either a 4-punctured sphere or, exactly in the single annulus case, a twice punctured torus) and A¡;B¡ are each genus two handleb odies. P¡ lies in @A¡ and @B¡ as the complement of one or two longitudinal curves. In each case where this makes sense (i. e. except in the single non-separating torus case), @P¡ is a flber of the Seifert manifold V on the other side of F . A¡ (resp. B¡) can be viewed as the mapping cylinders of maps from P¡ to a 2-complex § A(resp. § B) consisting of one or two annuli in F and a single arc in A¡ (resp. B¡) with ends on the annuli. Hence W ¡ ·(§ A[ § B) is a product, restricting to a product structure on the annuli @W ¡ ·(§ A[ § B). Hence it can be swept out by P¡.

This sweep-out gives us some information about what sort of annuli might be present in W.

Lemma 6.2. Suppose W contains an essential annulus with neither end parallel to @P¡. Then W contains an essential annulus or one-sided Mõbius band which intersects P¡ precisely in two parallel spanning arcs.

Proof. Consider how P¡ intersects the annulus A during the sweep-out of W. At the beginning it inevitably intersects A in @-compressing disks lying in A¡. At the end it intersects A in @-compressing disks lying in B¡. Nowhere can it intersect it in both, so somewhere it intersects it in neither. (The details are standard and are suppressed.) This means that the intersection of P¡ with A consists entirely of spanning arcs of A. The squares into which A are cut by these arcs lie alternately in A¡ and B¡. It’s easy to see that all these arcs are parallel in P¡ so, we can assemble two of the squares into which A is cut, one in A and one in B, to produce an annulus or one-sided Mõbius band which intersects P¡ precisely in two arcs.

Let A be the annulus or one-sided Mõbius band given by the preceding lemma 6.2 and let RA;RB be the squares in which A intersects A and B respectively. The complement of A in W is one or two solid tori, depending on whether A ‰ W is separating or not. Moreover the complement of RAin A is also one or two solid tori depending on whether RA ‰ A is separating or not, and similarly for B. Similarly P¡ ¡ A is one or two annuli. Since these annuli divide each solid torus of W ¡ A into two solid tori, they are longitudinal annuli in the solid torus. These facts gives useful information about e. g. the index of the singular flbers, but the crucial point here is that the description is now su–cien tly detailed that we have explicitly:

Prop osition 6.3. Suppose W contains an essential annulus. Let A be the annulus or one-sided Mõbius band given byLemma 6.2. Then there is an A-preserving involution £ W of W, deflned independently of P and a proper isotopy of P¡ in W so that after the isotopy £ WjP¡ = £ PjP¡.

Proof. The proof is left as an exercise. The flxed point set of £ Wintersects A either † in two points, the centers of each of RAand RB or † in two proper arcs orthogonal to the core of A or † in the core of A, depending on the structure of W.

7. Longitudes in genus 2 handlebodies { some technical lemmas

We will need some technical lemmas which detect and place longitudes in a genus two handleb ody.

Deflnition 7.1. Two curves ‚;‚0‰ @H on a genus two handlebody H are separated if they lie on opposite sides of a separating disk in H. Two curves ‚;‚0‰ @H are coannular if they constitute the boundary of a properly imbedded annulus in H.

Lemma 7.2. Suppose H is a genus two handlebody and the disjoint curves c1;c2;c3‰ @H divide @H into two pairs of pants. Suppose that c1;c2 ‰ @H are nonmeridinal curves which are coannular in H. Then c3 is either meridinal or it intersects every meridian disk.

Proof. Suppose there were a meridian disk D disjoint from c3 and consider how D intersects the annulus A ‰ H whose boundary is c1 [ c2. Assume jD \ Aj has been minimized. If D \ A = ; then D is a separating disk in the handleb ody H0= H ¡ ·(A). Then @D divides @H ¡ @A into two pairs of pants, so any essential curve in the complement of @D [ @A, e. g. c3is parallel either to @D or a component of @A. But the latter violates the hypothesis.

If D \ A 6= ; then consider an outermost arc of intersection in D. It cuts ofi a meridian disk of H0that is disjoint from c3. Two copies of E banded together along the core of A in @H0gives a separating disk disjoint from c3. This reduces the proof to the previous case.

Lemma 7.3. Suppose H is a genus two handlebody and the disjoint curves c1;c2;c3‰ @H divide @H into two pairs of pants. Suppose that c1;c2 ‰ @H are nonmeridinal curves which are coannular in H. Let A be an annulus, with ends denoted @§A, and attach A £ I to H by identifying @+A £ I to a collar of c2 and @¡A £ I to a collar of c3. Then the resulting manifold H0is not a genus two handlebody.

Proof. If H0were a genus two handleb ody, then the dual annulus A0= (core(A)£ I) ‰ (A£ I) would be a non-separating annulus in H0. This means that in the handleb ody (H again) obtained by cutting open along A0, both c2 and c3 would be twisted or longitudinal, but in any case each would be disjoint from some meridian disk. But in the case of c3 this would violate Lemma 7.2.

DD1D3bD4 ^{28 HYAMRUBINSTEINANDMARTIN SCHARLEMANN}

Lemma 7.4. Suppose H is a genus two handlebody and the disjoint curves c1;c2;c3‰

@H nonmeridinal curves that divide @H into two pairs of pants, V and V0, with

@V = @V0= c1[ c2[ c3. Suppose that c1;c3 ‰ @H are separated curves and that c2 is disjoint from some meridian disk. Then one of c1 or c3 is a longitude, and there is a disk D which separates c1 and c3 so that j@D \ c2j = 2.

In particular, if both c1 and c3 are longitudes, then H »= V £ I.

Proof. Let ¢ be the union of three disjoint disks: a disk D that separates c1 and c3, and disjoint meridian disks D1and D3which intersect c1and c3respectively. Choose this collection and a meridian disk D2 ‰ H whose boundary is disjoint from c2, so that, among all such disk collections, j¢ \ D2j is minimal. We can assume that c2 intersects each disk of ¢ , since c2 is not parallel to either c1 or c3. Hence D2 is not parallel to any disk in ¢ , so in fact ¢ \ D26= ; .

By minimalit y of j¢ \ D2j all components of intersection are proper arcs in ¢ .

Consider an arc fl of ¢ \ D2 which is outermost in D2. Simple counting arguments show that fl ‰ D, that the subdisk of D2 cut ofi by fl intersects c1 or c3 (say c1) in a single point (for the arc is disjoint from c2). In particular, c1 is a longitude. Even more, it follows then that as many points of intersection with c2 lie on one side of fl in D as on the other. Since this is true for any outermost arc, it follows that all outermost arcs of ¢ \ D2 in D2 are parallel to fl in D ¡ c2. Furthermore we may as well assume that all outermost disks of D2 cut ofi by these arcs lie on the same side of D, the side containing c1, since otherwise two could be assembled to give a third meridian disk D4 which would be disjoint from the disks D1;D3 and from the longitude c2and which would intersect c1and c3exactly once. The proof would then follow immediately. (See Figure 23.)

Fig. 23.

Now consider a disk component E of D2¡ ¢ which is \second to outermost". That is, all but at most one arc of @E ¡ @H is an outermost arc of intersection with ¢ in

D2. To put it another way, @E is a 2n-gon, where every other side lies in @H, and of the n remaining sides, at least n ¡ 1 are parallel to fl in D. The last side sn is perhaps an arc of ¢ \ D2. (See Figure 24.)

EsnbbbED1D3

GENUSTWO HEEGAARDSPLITTINGSOF ORIENTABLETHREE-MANIFOLDS 29

Fig. 24.

The sides of E that lie in @H and that have both ends on @fl are easy to describe:

Since they are disjoint from D3 and are essential in the pair of pants component of

@H ¡ @¢ on which they lie, each must cross c3. Moreover, since they are disjoint from c2, they can’t cross c3 more than once, hence they cross c3 exactly once. Moreover, each must have its ends at opposite ends of fl, since if any had both ends at the same end of fl it would follow that c2\ D3 = ; and that would force c2 to be parallel to c1. But even one such arc of @E \ @H, disjoint from c2 and D3, crossing c3 once and having ends at opposite ends of fl, could be combined with an outermost disk of D2 with side at fl to give a meridian disk D4 as described before.

Fig. 25.

So the only remaining case to consider is n = 2; E is a square, with one side parallel to fl and the opposite side, s2, an arc lying in D3 or D. (See Figure 25.)

Then simple combinatorial arguments in the pair of pants bounded by D and D3 show that s2 ‰ D3, since otherwise s2 and fl would cross in D. With s2 ‰ D3, a simple counting argument shows that s2 cuts ofi from D3 a disk disjoint from c3 and intersecting c2 in a single point. The union of this disk and E along s2 gives a disk, parallel to a subdisk of D cut ofi by fl that is disjoint from c1 and c3 and intersects c2 exactly once. It follows that D intersects c2 twice, as required.

Lemma 7.5. Suppose H is a genus two handlebody and the curves c1;c2;c3 ‰ @H divide @H into two pairs of pants, V and V0with @V = @V0= c1[ c2[ c3. Suppose that c1;c3‰ @H are separated non-meridinal curves and there is a properly imbedded disk in H which intersects c1[ c2 in a single point. Then c3 is a longitude, and there is a disk D which separates c1 and c3 so that j@D \ c2j = 2.

In particular, if c1 is also a longitude, then H »= V £ I.

Proof. Suppose there is a disk D0that is disjoint from c1and intersects c2in a single point. Then c2 is a longitude and it follows from Lemma 7.4 that some disk D separating c1 from c3 intersects c2 twice. Using outermost arcs of intersection in D, it’s then easy to modify the disk D0so that is disjoint from D. Then D0must be a meridian curve for the solid torus on the side of D that contains c3. Since D0 intersects c2in one point, it follows that it also intersects c3in one point, completing the proof in this case.

Suppose there is a disk D0that is disjoint from c2 but intersects c1 in one point (so, in fact, c1is a longitude). By Lemma 7.4 there is a disk D that separates c1and c3and intersects c2twice. Choose the pair of disks D and D0so that, among all such disks, jD \ D0j is minimal.

Consider an outermost disk E cut ofi by D in D0, so E is disjoint from both c1and c2. Then E lies on the side of D containing c3 (since it is disjoint from c1) and must intersect c3 at most (hence exactly) once, since it is disjoint from c2. Thus c3 is also a longitude.

Corollary 7.6. Suppose H is a genus two handlebody and the curves c1;c2;c3‰ @H divide @H into two pairs of pants, V and V0with @V = @V0= c1[ c2[ c3. Suppose that c1;c3 ‰ @H are separated curves. Let A be an annulus with ends @§A. Attach A £ I to H by identifying @+A £ I to a collar of c1 and @¡A £ I to a collar of c2. Suppose the resulting manifold is also a genus two handlebody. Then c3is a longitude of H, and there is a disk D ‰ H which separates c1 and c3 in H and which intersects c2 exactly twice. Moreover, if c1 is also a longitude of H, then H »= V £ I.

Proof. Let H0 be the new handleb ody, and consider the properly imbedded dual annulus core(A) £ I ‰ H0. Since it’s @-compressible in H0, it follows that there is a disk D0in H which intersects c1[ c2 in a single point. The result follows from the previous lemma.

Corollary 7.7. Lemma 7.6 remains true if A £ I is replaced by any solid torus S1 £ D2, attached at c1 and c2 along parallel, essential, non-meridinal annuli in @(S1£ D2).

The proof is the same, using either attac hing annulus at c1 or c2 in place of core(A) £ I.

8. Positioning a pair of splittings - the hyperbolike case

A closed, orientable, irreducible 3-manifold M is called hyperbolike if it has inflnite fundamental group and contains no immersed essential torus. In the next two sections we will show that any two Heegaard splittings of the same hyperbolike 3-manifold can be described by some variation of one of the examples in Section 4. As a consequence, the standard involutions of the manifold induced by the two splittings commute.

In this section we will isotope the splitting surfaces P and Q so that they are transv erse and so that the curves of intersection and the pieces of the surfaces cut out by them are particularly informativ e. In the next section, we will move the surfaces so that they are no longer transv erse, but rather coincide as completely as possible.

Especially in the latter context, it will be useful to be able to refer easily to the pieces of one splitting surface that lie in the interior of one of the other handleb odies.

Deflnition 8.1. Suppose M = A [ P B = X [ QY are two Heegaard splittings of M. Let PX denote the closure of P \ (inter iorX). (So if P and Q are transverse, as will not often be true in later discussion, then PX is just P \ X.). Similarly deflne PY, QA and QB.

We begin with a useful lemma.

Lemma 8.2. Suppose X [ QY is a genus two Heegaard splitting of a closed hyperbolike manifold M and DX;DY are essential properly imbedded disks in X and Y respectively. Then j@DX\ @DYj ‚ 3.

Proof. If jDX\ DYj = 1 then X [ QY is stabilized and so M is either a lens space, or S2£ S1 or S3, but in any case is not hyperbolike. Suppose jDX \ DYj = 0 (so X [ QY is weakly reducible). If the boundaries of DX and DYare parallel in Q, or one of the boundaries is separating, then X [ QY is reducible. This means that either M is reducible (hence not hyperbolike) or X [ QY is stabilized, and we have just shown that this is impossible. If the boundaries of DX and DY are non-separating and non-parallel then the surface S obtained from Q by doing both compressions simultaneously is a sphere. Moreover S contains a separating essential circle which is compressible on both sides, so again X [ QY is reducible.

Finally, suppose jDX \ DYj = 2. Then the union of collar neighborhoods ·(DX) and ·(DY) of DX and DY along their two squares of intersection is a solid torus W. Denote by X¡ (resp. Y¡) the solid torus or pair of tori obtained by compressing X along DX (resp. Y along DY). Then M is the union of X¡;Y¡ and W, and the annuli of attac hment of W to X¡ and Y¡ are either longitudinal (if the two points of intersection of @DX and @DYhave opposite orientation) or of slope (1;2) in W (if the two points of intersection of @DX and @DY have the same orientation).

So M is the union of solid tori along essential annuli in their boundary. It is therefore either reducible or a Seifert manifold. In any case it is not hyperbolike.

Suppose X [ QY and A [ P B are two genus two Heegaard splitting of a closed hyperbolike manifold M. The two splittings deflne generic sweep-outs of M, as described in [RS]. The pair of sweep-outs is paramerized by points in I £ I. Points in I £ I corresponding to positions where P and Q are not transv erse constitute a subcomplex of I £ I called the graphic. Complementary components are called regions.

Since the surfaces involved have low genus, we can obtain useful information about their relative positioning even if we allow a more liberal rule than in [RS] for labelling regions (that is, positionings in which in which P and Q are transv erse). We label a region A (resp. B) if there is a meridian disk D for A (resp. B) such that @D ‰ (P ¡ Q). Labels A and B will be called P -labels. Similarly, we label a region X (resp. Y) if there is a meridian disk for X (resp. Y) whose boundary is disjoint from P . These labels are called Q-labels.

Suppose that C is the collection of curves of P \ Q that are essential in P (resp. Q). Then C divides P (resp. Q) into two parts, one lying (except for some inessential parts) in X and one in Y (resp. A and B). If the two parts of P (resp. Q) have even Euler characteristic we say that the positioning is P -even (resp. Q-even). If the two have odd Euler characteristic we say it’s P -odd (resp. Q-odd).

Lemma 8.3. If a region is P -odd then its P -labels are a subset of the P -labels of any adjacent region. Similarly for Q-odd regions and Q-labels.

Proof. By construction, we are ignoring curves in P \ Q which are inessential in P , so no component of P ¡ C is a disk. If the region is P -odd, then it follows that both parts have Euler characteristic ¡ 1. This implies that, if there is a meridian for A disjoint from Q then in fact some curve in C is a meridian of A. Since C can be pushed into PX or PY, this means that both PX and PY contain a meridian of A.

The efiect of moving to an adjacent region in the complement of the graphic is to alter PX and PYby adding a band (or a disk) to one and removing it from the other. Clearly adding a band (or disk) doesn’t destroy a curve, such as the meridian, so one copy of the meridian of A persists in at least one of PX or PY in the new region.

Lemma 8.4. If there are adjacent regions which are both P -even (resp. Q-even) then the P -labels (resp. Q-labels) of one are a subset of the P -labels (resp. Q-labels) of the other. If there are adjacent regions which are each both P -even and Q-even then the set of all labels for one of the regions is a subset of the labels for the other.

Proof. Suppose two adjacent regions are both P -even. Moving from one region to the other may represent moving across a center tangency, which clearly has no efiect on labels, or moving across a saddle tangency. The latter changes the Euler characteristic of PX and PY by § 1, so if the parit y determined by C doesn’t change, the saddle move must have created or destroyed an inessential curve of P \ Q. This means that one or both ends of the band that is exchanged from PX to PY or vice versa, lies on an inessential curve of P . If one end lies on an inessential curve, then the move is efiectively an isotopy of C and so has no efiect on the labelling. If both ends lie on the same inessential curve the efiect is to add two parallel, possibly essential, curves to C. This won’t add a label A or B, since a meridian lying in the annulus created in PY previously lay in PX, but it might destroy some other meridian in PX, so a label might be deleted. This is the only way in which A and B labels could change. To summarize: if there is a change in A or B label it’s to delete a label moving from the flrst region to the second, and this only happ ens if the corresponding band has both ends on the same curve of P \ Q, and that curve is inessential in P .

Now consider the situation in Q if the adjacent regions are also both Q-even. Moving from the second region to the flrst we have already seen that the band that’s attac hed will have its ends on two difierent curves (the two created in moving from the flrst to the second region). So no X or Y label can disappear. It follows that the set of labels for the second region is a subset of the set of labels for the flrst region.

Lemma 8.5. Any region that is P -even and Q-odd (or vice versa) has a label that is also a label of every adjacent region.

Proof. It’s easy to see that ´ (PX) and ´ (QA) have the same parit y: For example, the sum of their parities is the parit y of the orientable surface created by doing a double-curve sum of the two surfaces. Furthermore, removing curves of P \ Q that are inessential in both P and Q does not alter the parit y match. So if a region is P -even and Q-odd it follows that at least one curve in P \ Q is essential in P and inessential in Q (or vice versa), i. e. is a meridian „ of A or B (or X or Y). When passing to an adjacent region in the complement of the graphic, a band is added to either PX or PY, say the former. Before passing to the new region, move „ slightly into PX. Then „ will still lie in PX after moving to the adjacent region.

Lemma 8.6. If two adjacent regions have labels A and B then one of them has both labels A and B.

Proof. This follows from 8.3 if either region is P -odd and from 8.4 if both regions are P -even.

Lemma 8.7. No region has both labels A and B.

Proof. The proof is a recapitulation of ideas in [RS] and [JS].

Suppose a region has both labels. The meridians are unafiected by removing, by an isotopy, all simple closed curves in P \ Q which are inessential in both P and Q. The meridians of A and B which account for the labels must intersect, by 8.2, so they cannot be on opposite sides of Q. If any curve of P \ Q is essential in P and inessential in Q then it is a meridian of A, say, that can be pushed to lie on the opposite side of Q from the meridian of B, a contradiction. So every curve in P \ Q is essential in Q.

Say the meridians of A and B that are disjoint from Q both lie in X. If any component of PX is a @-parallel annulus, push it across into Y { this has no efiect on the labelling. If possible, @-reduce X in the complement of PX. We will assume that no such @-reductions are possible, so X remains a genus two handleb ody { the argument is easier if @-reductions can be done. This guarantees that no component of PX is a meridian disk of X so every curve in P \ Q is also essential in P .

Then the boundary ofany meridian disk ofX must intersect @P , since P is strongly irreducible (8.2). In particular, no curve of P \ Q is a meridian curve for X, nor can P lie entirely inside of X.

Since PX is compressible yet no boundary component is a meridian of X it follows that ´ (PX) = ¡ 2 and a compression of PX creates a set of incompressible annuli. Since all curves of P \ Q are essential in both surfaces, one of QA or QB, say the former, has ´ (QA) = ¡ 2. Let A be the incompressible annuli in X obtained by compressing PX into A. Dually, PX is obtained from A by attac hing a tub e along an arc fl dual to the compression disk. It follows from the main theorem of [JS] that there is a meridian disk D0for X, isotoped to minimize jD0\ Aj, so that the arc fl lies in D0.

Consider how a distan t meridian disk D of X intersects A and how it intersects a compressing disk E for B. First consider an outermost arc fi of A \ D. Suppose @E is disjoint from fi (as we can assume is true if the disk cut ofi by fi in D lies in B). @-compress A to Q via the disk cut ofi by fi. This changes an annulus of A to a disk ¢ . If the tub e along fl were attac hed to ¢ it would violate strong irreducibilit y of P (since @¢ is a meridian disk for A disjoint from E), so ¢ ‰ PX. If ¢ is not @ parallel it is parallel to a meridian disk for X disjoint from P and if it is @parallel then the original annulus was a @-parallel annulus in PX. Either is a contradiction. So we can assume that each outermost arc of A in D intersects @E and that the disk in D cut ofi by the outermost arc lies in A.

This means that there is a disk in B \ D all but at most one of whose boundary arcs in A are outermost arcs, and each of these intersects @E. It is now easy to argue (see [JS] for details) that in fact fl is isotopic in B \ X to an arc of E \ D which connects two adjacent outermost arcs, i. e. fl is parallel in B \ X to a spanning arc of one of the annuli of QB. But this implies that there is a meridian disk for B (the complement of the tub e ·(fl) in the annulus of QB of which fl has been made a spanning arc) that intersects the compressing disk for A dual to fl in two points. This contradicts 8.2. .

Lemma 8.8. There is an unlabelled region.

Proof. The argument is a variant of that in [RS]. Combining Lemmas 8.6 and 8.7 we see that adjacent regions can’t have labels A and B or labels X and Y. So either there is an unlabelled region or there is a vertex whose four adjacent regions are each labelled with one label, appearing in order around the vertex A, X, B, Y. Then no region is P -odd and Q-even or vice versa, by Lemma 8.5. By Lemma 8.3 the regions labelled A and B must be P -even and those labelled X and Y must be Q-even, so in fact all must be both P -even and Q-even. But this would contradict Lemma 8.4.

Theorem 8.9. Suppose X [ QY and A [ P B are two genus two Heegaard splitting of a closed hyperbolike manifold M. Then P and Q can be isotoped in M so that each curve in P \ Q is essential in both P and Q, so that ´ (PX) = ´ (PY) = ´ (QA) = ´ (QB) = ¡ 1 and so that PX (resp. PY, QA, QB) is incompressible in X (resp. Y, A, B).

Proof. Consider the positioning of P and Q represented by an unlabelled region. Curves of intersection that are inessential in both surfaces can be removed by an isotopy without introducing meridians in PX, PY, QA, or QB, i. e. without altering the fact that the conflguration is unlabelled. Then all curves of intersection must be essential in both surfaces, for otherwise at least one such curve would be a meridian. If the conflguration is P -odd (hence also Q-odd) then we are done.

So suppose the conflguration is P -even (hence Q-even). With no loss of generality, assume ´ (PX) = ´ (QA) = ¡ 2. Since X is a handleb ody, PX is @-compressible. Do a @-compression. If the boundary compression is on an annulus component AP of PX then the result is a disk. It can’t be a meridian disk for X, by assumption, so AP must be @-parallel in X. Push AP across the annulus AQ to which it is parallel in Q. Clearly this does not create a meridian in either PX (only an annulus has been removed) or in PY(an annulus has been attac hed to other annuli). Similarly, if AQ‰ QAno meridian is created in QAor QB.

Suppose AQ ‰ QB. Then after the annuli are pushed across each other, QA is enlarged, so one might expect that it could contain a meridian curve. But note that if the meridian disk lay in X then, after compressing along it one would get a solid torus or two, in which PX is incompressible. But this is impossible since ´ (PX) = ¡ 2. Alternativ ely, if the meridian disk lay in Y then note that before the annulus is pushed across, the meridian curve intersects only one end of each of the annuli in PYwhich have ends on the ends of AQ. But in this case, an easy outermost argument shows that there is a meridian curve in QA before the annulus is pushed across, another contradiction. So we conclude that nothing is lost by pushing such boundary parallel annuli in PX across Q.

Eventually, after these parallel annuli are removed, PX is @-compressible along an arc lying in a non-annular component of PX. The component of QAor QB to which PX can be @-compressed is not an annulus, since PX contains no meridian curves of P . Do the @-compression. The result is a positioning of P and Q which is both P -odd and Q-odd and, essentially by 8.3, it remains unlabelled. This conflguration is as required.

9. Alignment of P and Q

Lemma 9.1. Suppose X [ QY and A [ P B are two genus two Heegaard splitting of a closed manifold M, the surfaces PX, PY, QA, and QB are incompressible in, respectively X, Y, A, and B. Then the surface PX @-compresses to one of QA or QB, and PY @-compresses to the other.

Proof. Each surface @-compresses in the handleb ody in which it lies. With no loss of generality assume that PX @-compresses to QA. Suppose it also @-compresses to QB. Then since PY @-compresses to one of QA or QB, we are done. If PX fails to @-compress to QB then, symmetrically, QB fails to @-compress to PX, so it must @-compress to PY. Hence PY @-compresses to QB.

Deflnition 9.2. Suppose P and Q are closed surfaces in a 3-manifold M and P (resp. Q) is the union of two subsurfaces P0 and P+ (resp. Q0 and Q+) along their common boundary curves. (That is, P = P0[ @P+ and similarly for Q). Suppose flnally that P0= Q0 whereas P+ and Q+ are transverse. Then we say that P and Q are aligned along P0= Q0.

Lemma 9.3. Suppose M = A [ P B = X [ QY are two genus two Heegaard splittings of a hyperbolike closed 3-manifold. Then the surfaces P and Q can be aligned along a subsurface P0= Q0with ´ (P0) = ¡ 2 in such a way that each component of @P0= @Q0 is essential in all four handlebodies A;B;X;Y.

Proof. Following Theorem 8.9, isotope P and Q so that each curve in P \ Q is essential in both P and Q, so that ´ (PX) = ´ (PY) = ´ (QA) = ´ (QB) = ¡ 1 and so that PX (resp. PY, QA, QB) is incompressible in X, (resp. Y, A, B). (Since ´ (PX) = ¡ 1, the last condition is equivalent to saying that each curve in @PX is essential in X.) If an annulus component of PX, say, is parallel to an annulus component of QA, say, then one can be pushed across the other without afiecting these hypotheses. So we can assume that no component of any surface PX, PY, QA, and QB is a @-parallel annulus in the handleb ody in which it lies. Then, moreover, any @-compression of PX, if it @-compresses an annulus of PX, would create a compressing disk for either

QAor QB, contradicting the hypothesis. So we can assume that any @-compression of any surface is on the unique component whose Euler characteristic is ¡ 1.

Now apply Lemma 9.1 to flnd a disk Da;xthat @-compresses PX to one of QA or QB, say QA, and a disk Db;ythat @-compresses PY to QB. The boundaries of the disks Da;x‰ A \ X and Db;y‰ B \ Y lie on difierent surfaces so the disks can be made disjoint.

The curve @Da;xis the union of two arcs, fi ‰ PX and fl ‰ QA. A collar of Da;x is a 3-ball whose boundary is the union of two disks D§ parallel to Da;xand a collar of each of fi and fl in PX and QA respectively. The 3-ball can be used to deflne an isotopy of PX that replaces a collar neighborhood of fi with the union of the disks D§ and the collar of fl. After this isotopy (and the kinking of collars of the curve(s) of P \ Q on which the ends of fi lie), P and Q will be aligned along an essential surface P0= Q0 with ´ (P0) = ¡ 1. Repeat the process on Db;y.

Theorem 9.4. Suppose M = A [ P B = X [ QY are two genus two Heegaard splittings of a hyperbolike closed 3-manifold. Then the splittings are both some variation of one of the examples of Section 4. In particular, £ P and £ Q commute.

Proof. Following 9.3, we assume that the surfaces P and Q are aligned along a subsurface P0 = Q0 with ´ (P0) = ¡ 2, and each component of @P0 = @Q0 is essential in all four handleb odies A;B;X;Y. We may further assume that no component of P0 is an annulus, for any such annulus could be removed by a small isotopy of the surfaces, perhaps creating a curve of transv erse intersection. We further assume that jP+\ Q+j has been minimized by isotopy rel @P0. Then PX;PY;QAand QBall consist of incompressible annuli. Any of these annuli that is @-parallel in the handleb ody in which it lies could be removed by an isotopy (possibly adding it to P0 or Q0), so in fact all these annuli are essential.

According to 5.2 the ends of PX in Q can be isotoped to lie parallel to (at most) two essential non-separating simple closed curves in Q, and similarly for PY. Since ends of PX and PYcan’t cross, there are (at most) three simple closed curves c1;c2;c3 in Q, decomposing Q into two pairs of pants, so that any component of @PX[ @PYis parallel to one of the three curves. Moreover, if all three curves c1;c2;c3 are ends of annuli of P ¡ Q then the number of annuli cannot be high, because of the following \Rule of Three":

Lemma 9.5. If three or more ends of PX are parallel in Q then at least one must attach to an end of a curve in PY. In particular, if PX has three or more ends at each of two of the curves ci, then all ends of PY must also be parallel to those two curves.

Proof. Immediate. (See Figure 26.)

+PQ = P00Q+QP

XPQPQP =00XPQP =00 GENUSTWO HEEGAARDSPLITTINGSOF ORIENTABLETHREE-MANIFOLDS 37_{Fig. 26.We now consider the possibilities:Case 1: PY= ;Consider the annuli PXin the context ofLemma 5.6. By the Rule ofThree (Lemma9.5) and the fact that PX is separating, I(@PX) = (2;0;0;0) or (2;2;0;0). So eitherPX is a single annulus with both ends parallel to the same curve c1 in Q, or twoannuli, one with both ends at c1 and the other with both ends at c2, or two annuli,each with one end at c1 and one at c2. In the flrst two cases, since PX is essentialin X, P and Q difier by a cabling into X, either on one longitude (example 4.1,Variation 1. See Figure 27) or on two longitudes (example 4.2, Varation 1, with oneDehn surgery done at each site; see Figure 28.)Fig. 27.Fig. 28.If PX is a pair of annuli, each with one end at c1 and one at c2 then the annuli arenon-separating. The annuli may both be longitudinal (hence parallel) in Q. Thenthe splittings appear as 4.4, Variation 1 (when the ci are longitudes of P as well; see}

XPQP =00

XPQP =00XPQP =00

38 HYAMRUBINSTEINANDMARTIN SCHARLEMANN

Figure 29) or Variation 2, with the Dehn surgery curve in one of „b§ (when the ci are twisted in P ; see Figure 30). The annuli PX could be twisted and not parallel, so that lying between them is a solid torus on which their cores are torus knots. (See Figure

31.) This is 4.4, Variation 2, with Dehn surgery in �. Or they could be twisted and parallel, corresponding to the same Variation but with Dehn surgery in one of „a§.

Note that Variations 3 and 4 don’t arise, since M is hyperbolike.

Fig. 29.

Fig. 30.

Fig. 31.

Case 2: PX and PY are both non-empt y and the end of each curve in @PX[ @PY is parallel to one of c1 or c2.

If at least one annulus in each of PX or PY is non-separating, then together they would give a non-separating, hence essential, torus in M. This contradicts our assumption that M is hyperbolike. So we may as well assume that each annulus in

PY is separating. Hence the ends of PY are twisted in Y. They cannot then be twisted in X, since M is hyperbolike, so PX is a collection of parallel non-separating longitudinal annuli in X.

YPQP =00a+aa-adrag GENUSTWO HEEGAARDSPLITTINGSOF ORIENTABLETHREE-MANIFOLDS 39If PY has ends at both c1 and c2 (as happ ens automatically if PX has more than_{two components) then both curves are twisted in Y. Attac h a non-separating annulusin X with ends at c1 and c2 to the torus (or tori) in Y on which the ci are twisted.The boundary of the thickened result would exhibit a Seifert manifold in M, againcontradicting the assumption that M is hyperbolike. We conclude that PXhas exactlytwo components and that PY has ends only at c1, say.If there were more than two annuli in PY (hence more than four ends of @PY)there would have to be more than two ends of PX at c1, so we conclude that PY ismade up of one or two annuli. If it’s two annuli, necessarily separating and parallelin Y, then the relation between P and Q can be seen as follows (See Figure 32): In4.4, Variation 2 let P be the splitting given there with Dehn surgery curve in „a+and Q be the same splitting given there but with Dehn surgery curve in „a¡. Toview these simultaneously as splittings of the same manifold M, of course, the Dehnsurgery curve has to be moved from „a+ to „a¡, dragging some annuli along, untilthe splitting surfaces P and Q intersect as described.Fig. 32.If PY is a single annulus, it must have one end on P0 and one end on an end ofPX, and the annulus is twisted in Y. The initial splitting by Q is as in Example 4.4Variation 1 (X = A¡[ �), with a Dehn surgery curve lying in „b+, say. If the splittingis altered by flrst putting the Dehn surgery curve in „a+ (yielding the same manifoldM), then altering as in Example 4.4 (i. e. considering A [ P B where B = B¡ [ �)and then dragging the Dehn surgery curve from „a+ to „b+, pushing before it anannulus from the 4-punctured sphere along which A¡ and B¡ are identifled, we getthe splitting surface P , intersecting Q as required. (See Figure 33.)}

YPa+ab+adrag _{40 HYAMRUBINSTEINANDMARTIN SCHARLEMANN}

Fig. 33.

Case 3: Some end component(s) of PX or PY lie parallel to each of c1;c2;c3,

Then one of the ci, say c1, is parallel only to ends of PX, and at most (hence exactly) two of them. Another, say c3, is parallel only to ends of PY (again exactly two).

Sub case a: No ends of PY, say, are parallel to c2.

Then all ends of PY are parallel to c3 and some ends of PX are parallel to c1 and some to c2. So, by the Rule of Three (Lemma 9.5), PYis a single separating annulus with ends at c3and PX is either a pair of separating annuli, one each with ends at c1 and c2, or a pair ofnon-separating annuli, each having one end at c1and one end at c2. (See Figures 33 and 34.) It follows that when X is cut open along PX the component that contains c3is a genus two handleb ody in which the cores of the annuli PX appear as separated curves (at least one a longitude), and c3 is a longitude not parallel to either (since P splits M into handleb odies). Then the technical Lemma 7.4 (c3 here becomes c2 there) precisely places c3 with respect to the annuli. In particular, if the PX are separating, (so the argument is precisely symmetric moving from P back to Q), the splitting is given in Example 4.1, Variant 2. If the PX are non-separating, the splitting is given in Example 4.4, Variation 5 (if c1 and c2 are not twisted in any of the handleb odies) or Variation 6, with one Dehn surgery curve appropriately placed (if the curves c1 or c2 are twisted in a handleb ody).

XPYP

0c1c2c3c1c3c2in X (schematic) in Y (schematic)on X (actual)GENUSTWO HEEGAARDSPLITTINGSOF ORIENTABLETHREE-MANIFOLDS 41_{Fig. 34.}

in X (schematics)

c1c2c1c2c1c2c1c2c3

on X (actual)

c3c1c2detail ^{42 HYAMRUBINSTEINANDMARTIN SCHARLEMANN}

Fig. 35.

Sub case b: Ends of both PX and PY are parallel to c2.

The curve c2 can be twisted in at most one of X and Y, so assume that c2 is not twisted in X. By 5.6 this means that PX is a pair of parallel annuli running between longitudes c1 and c2 of X.

PY has two ends at c3 and, as in Case 2, either 2 or 4 ends at c2. If the annuli are separating and there are 4 ends of PY at c2 then the cores of the two annuli whose ends are at c2 cobound an annulus in P . It follows from 7.2 that any twisted or longitudinal curve in P must be parallel to one of these cores. But that would make the core of the annulus in PYat c3 parallel to one of these cores, hence c3 parallel to c1 or c2 in Q. Since this is impossible, the case does not arise.

Suppose the annuli in PYare separating and there are two ends of PYat c2. Then

PYconsists of two separating annuli, A2which has both ends at c2and A3which has both ends at c3. The situation is analagous to the last example in Case 2 above, K4 variation 2, with Dehn surgery curve in „b+ when � is attac hed to A¡, and in „a+ when � is attac hed to B¡. But the presence of A3 adds the additional complexity of

Variation 6: ‰ is simultaneously moved from B¡ to A¡.

If the annuli in PYare not all separating, and PYhas four ends at c2then PYconsists of a pair of non-separating annuli with ends at c2and c3and a single separating

to c3to c3c2c1cc ’0B X�0A Y�Schematic in Xc3c2to c1cc’0B X�0B Y�DYSchematic in YSchematic of Y’c3c2DYWc’c0

is obtained from H = B \ Y by attac hing the region (B \ X) »= (annul us £ I) that lies between the annuli PX. One end of annul us £ I is attac hed to a curve which is parallel in @Y to c2 and in @H to c0say. The other end is attac hed at c1. It follows from 7.6 that c is longitudinal in H, and c1crosses exactly twice a disk DY‰ H that separates c and c0.

Cut Y open along DYto get a solid torus containing PYand remove from this solid torus all but a collar of the boundary. That is, remove a solid torus W ‰ Y whose complement Y¡ in Y consists of a collar of @W to which a 1-handle, with cocore DY, is attac hed. Note that the two annuli PY intersect Y¡ in four parallel spanning annuli. Let fi denote the slope of their ends on @W.

We will show that M ¡ W is a Seifert manifold. In fact, we will show that M ¡ W flbers over the circle with flber the three-punctured sphere (i. e. the pair of pants) and this su–ces. Then a Seifert manifold structure on M will be obtained by fllling in the solid torus W.

Another way to view the compression body Y¡ is to begin with torus £ I and attac h to it a genus two handleb ody H0‰ H by attac hing collars of two separated longitudes c;c00‰ @H0to two annuli in torus £ f1g. The annuli have slope fi. Note that whereas c0may be twisted in H, we’ve obtained H0by removing a solid torus so large it contains any cable space, so the attac hment circle c00is indeed longitudinal in H0. Now when (B \ X) »= (annul us £ I) is attac hed to Y¡, one end is attac hed to torus £ f1g along a curve parallel to fi and the other end is attac hed along the curve c1‰ @H which crosses DYtwice. Then by Lemma 7.6, H0[ (B \ X) is a genus two handleb ody homeomorphic to V £ I, where V is a pair of pants whose boundary is the triple of curves c;c1;c00. The upshot is that Y¡ [ (B \ X) can be viewed as torus £ I with V £ I attac hed by identifying each of c£ I;c1£ I;c00£ I with difierent parallel annuli on torus £ f1g. Each annulus has slope fi.

What remains of M ¡ W is the genus two handleb ody X \ A. When this is attac hed along its entire boundary, it’s easy to see that the three annuli remaining on torus £ f1g are identifled with annuli corresponding to two distinct separated longitudes d1;d2 in @(X \ A) (both parallel to c2 in @X) and an annulus whose core is c3. The fact that A is constructed by attac hing (A \ Y) »= (S1 £ D2) to the handleb ody A\ X along c2and c3means (see Lemma 7.7) that A\ X can be viewed as V0£ I, where V0is a pair of pants with @V0the three curves d1;d2;c3. The upshot is that adding in A \ X is the same as attac hing V0£ I by identifying @V0£ I with the remaining annuli of torus £ f1g and then the rest of the boundary, V0£ @I, with V £ @I. But the union of V £ I and V0£ I flbers over the circle with flber a pair of pants. It’s easy to show then that this manifold is also Seifert flbered by circles transv erse to the pair of pants, with a generic flber running through each of V £ I and V0£ I exactly three times and, in torus £ f1g crossing a curve with slope fi exactly once. The base is a disk and there are two exceptional flbers, each of type (3;1).

Now M is created from the Seifert manifold just described by fllling in a solid torus along its boundary, namely the solid torus that was removed from Y at the beginning. The result is either a Seifert manifold (if the fllling slope difiers from that of the flber) or a reducible manifold, if the fllling slope is that of the flber. In any case, M is not hyperbolic.

10. Comp aring Heegaard splittings when tori are present

Suppose M is a closed orientable irreducible 3-manifold of Heegaard genus two, M is not itself a Seifert manifold, and M contains an essential torus. Following Section 6, let F denote the collection of tori that constitute the characteristic variety of M. The discussion of Section 6 shows that a genus two Heegaard splitting M = A [ P B can be isotoped to intersect F so that there is exactly one component (here to be denoted WP) of M ¡ F which contains a non-annular part of P . Moreover, VP = M ¡ WP is a Seifert manifold with at most two components, each of which P intersects in flbered annuli. (More is shown there about VP). WP is atoroidal, but could perhaps be a Seifert manifold over a disk with two exceptional flbers or over an annulus or Mõbius band with one exceptional flber, as long as the flbering doesn’t match a flbering of V. As in Section 6 we let P¡ = P \ WP and let A¡ = A \ WP;B¡ = B \ WP have spines § Aand § B.

Consider how two difierent such splittings M = A [ P B = X [ QY compare. One possibility is

Example 10.1. WP = VQ and WQ= VP.

Then in each ofWP and WQthere are essential annuli whose slopes difier from those of the Seifert flbering @VP and @VQrespectively. Exploiting Lemma 6.2 and Prop osition 6.3 we can write down explicit and simple descriptions of all variations possible here and deduce that, for these two splittings, the commutator £ P£ Q£ P¡1£ Q¡1can be obtained by Dehn twisting around the unique essential torus F .

So henceforth we will assume that WP = WQ and VP = VQ and revert to W and V as notation. Then W = A¡ [ P¡ B¡ = X¡ [ Q¡ Y¡, where the splitting surface Q¡, the handleb odies X¡;Y¡ and the spines § X and § Y are deflned analogously to P¡;A¡;B¡;§ Aand § B.

Theorem 10.2. Suppose M = A [ P B = X [ QY are two non-isotopic genus two Heegaard splittings of an irreducible orientable closed 3-manifold M. Suppose M contains an essential torus Then either the splittings or isotopic, or the relation between the Heegaard splittings is described in one of the variations of one of the examples in Section 4 or in Example 10.1. In particular, the commutator £ P£ Q£ P¡1£ Q¡1 can be obtained by Dehn twists around essential tori in M, and the two splittings become equivalent after a single stabilization.

Proof. A separate analysis of solvmanifolds (i. e. mapping cylinders of the torus generated by Anosov homeomorphisms) shows that any that admits a genus two splitting admits only one up to Dehn twists around an essential torus (see [CS]). So we can assume that M is not such a manifold.

Isotope P and Q so that they each intersect the characteristic variety F of M as described in (possibly difierent cases of) Section 6, and continue with the same notation. There are two possibilities:

Case 1: @P¡ and @Q¡ have the same slope on each component of F .

Then the annuli in § Aand § B can be chosen to overlap so that their complements in F are disjoint. This means that during the sweep-outs of W ¡ ·(§ A[ § B) and W ¡ ·(§ X[ § Y) determined by P¡ and Q¡ respectively, @P¡ \ @Q¡ = ; . (See the discussion preceding 6.2 for a description of the sweepout). In particular, the generic intersection of P¡ and Q¡ during the sweepout consists of closed curves. Apply the argument of 8 and 9 almost verbatim to the two sweep-outs. The upshot is a positioning of P¡ and Q¡ so that they are aligned except along some collection of subannuli. That is, (P¡)X = closur e(P¡¡ Y¡) and (P¡)Y= closur e(P¡¡ X¡) consist of incompressible annuli in X¡ and Y¡ respectively and none of these is parallel in X¡ or Y¡ to a subannulus of Q¡.

Consider flrst all the case in which P¡ and Q¡ are both 4-punctured spheres, so any incompressible annulus with boundary disjoint from F is @-parallel. (This excludes only the case when V flbers over the circle with two exceptional flbers and either P or Q intersects V as in the single annulus case.) Then (P¡)X and (P¡)Y consist entirely of annuli parallel to one of the two annuli in F \ X¡ (resp. F \ Y¡). It’s easy to see that these can be removed by an isotopy of P¡ which slides @P¡ around F . Thus, after an isotopy of P¡ which may move the boundary of P¡, we can make P¡ and Q¡ coincide. Such an isotopy is equivalent to Dehn twists tori in F . The flbered annuli P \ V and Q \ V may also difier within V, but can be made to coincide by Dehn twists around essential tori in V.

Suppose now that P¡ and Q¡ are both twice-punctured tori. This can arise when V flbers over the disk with two exceptional flbers, and both P and Q intersect as in the single annulus case. Then more complicated essential annuli (P¡)X and (P¡)Y can occur. In any of A¡;B¡;X¡;Y¡, say X¡, essential annuli with boundaries disjoint from F can be of two types: parallel annuli non-separating in Q¡, each with one end parallel to @Q¡ and the other parallel to a curve c0‰ Q¡; or parallel separating annuli, both ends parallel to the same single twisted curve c0‰ Q¡. (See Figure 38.)

c ’ Q’¶c’ Q’¶

GENUSTWO HEEGAARDSPLITTINGSOF ORIENTABLETHREE-MANIFOLDS 47

Fig. 38.

Since F is the characteristic variety of M, there is no essential torus in W, nor is there an essential annulus with end having the slope of @Q¡ (= @P¡). It follows that one of (P¡)X or (P¡)Y is empty. For if both (P¡)X and (P¡)Y were non-empt y and separating, then copies of each could be matched up along their boundaries in Q¡ to create an essential separating torus in W. If both were non-separating, then their ends could be matched up to create an essential non-separating torus in W. If PY were separating and PX were non-separating (or vice versa), then an annulus of PY attac hed to two annuli in PX, each with their other end on F , would give an essential annulus in W with slope the flber of V.

So we may assume (P¡)Y is empty, and so (P¡)X consists of one separating or two parallel and non-separating annuli. If (P¡)X is a single separating annulus then the splittings are completely described by Example 4.2 Variation 1, with three Dehn surgery curves. One pair produces V the other cables A into B to produce X [ QY and vice versa.

Suppose (P¡)X consists of two parallel non-separating annuli and suppose that the region between the parallel annuli of (P¡)X lies in A¡, say. Then A¡ \ X¡ can be viewed as � = squar e £ S1, where (P¡)X comprises two opposite annuli in the boundary and the other pair of opposite annuli is (Q¡)A. Since the annuli (P¡)X are

@-compressible in X it follows that, viewed in P , one of the annuli is longitudinal in B. Similarly, one of the annuli in (Q¡)A is longitudinal in Y. This su–ces to characterise the two splittings as those of Example 4:4 Variation 3, with one of the

Dehn surgery curves placed in one of „a§ and the other in one of „b§.

Finally, suppose that say, P¡ is a 4-punctured sphere, and Q¡ is a twice-punctured torus. This means that V flbers over the disk with two exceptional flbers; that P intersects V as in the parallel annuli case; and that Q intersects V as in the single annulus case. Then the argument is a mix of earlier ideas: Once again, after an isotopy of @Q¡ on F we can ensure that the annuli in Q¡ which are not aligned with P¡ are not contained in collars of @Q¡ and, in A¡ and B¡, these annuli are parallel to the annuli F \ A and/or F \ B respectively. It follows that P¡0 (that is, the part of P¡ that is aligned with Q¡) is a single 4-punctured sphere. It follows then that the complement of Q¡0 is a single collection of parallel annuli. Since P¡ has two more boundary components than Q¡ the annuli of P¡ not aligned with Q include collars of exactly two components of @P¡. Since no component of P¡0 is an annulus, it follows that in fact Q¡ is aligned with P¡ except for a single annulus, lying in A¡ say. That annulus cuts ofi collars of two components of P¡, which are the only parts of P¡ not aligned with Q¡. Put another way: Q¡ is obtained from P¡ by attac hing a copy of an annulus component of F \ A. Then the setting is exactly as in Lemma 6.1 and preceding. In particular, both splittings are described in 4.4 Variation 3.

Case 2: @P¡ and @Q¡ have difierent slopes on some component of F . Then V is the neighborhood of either a one-sided Klein bottle or a non-separating torus, for otherwise the slope of P¡ and Q¡ must be that of the unique Seifert flbering of V. We will concentrate on the latter, for the proof in the former, more specialized, case is similar but easier: A combinatorial proof comparing P¡ and Q¡, much as in the non-separating torus case below, shows that there is an essential annulus in W, so W is in fact a Seifert piece attac hed to V, but the flbers do not match. This is Example 10.1.

The argument when V is a non-separating torus will eventually bear a striking resemblance to the hyperbolic case, Section 8.

W is the manifold obtained by cutting open along the non-separating torus F . @W consists of two copies of F , which we denote @§W. We will denote @P¡ \ @§W by @§P (and similarly for @§Q). An essential spanning annulus A in W is an essential annulus with one end on each of @§W. These ends are denoted @§A.

Our flrst goal is to show that W does not have such a spanning annulus. First note

Lemma 10.3. W 6»= T2£ I.

Proof. If W »= T2£ I, then M is a mapping cylinder of a homeomorphism h : T2! T2. The homeomorphism h must be Anosov (i. e. no iterate preserves any circle) since otherwise F would not be the entire characteristic variety. This would contradict our assumption that M is not a solvmanifold.

Lemma 10.4. Suppose W contains an essential spanning annulus A. Then neither end of A is parallel to @P¡.

Proof. If both ends are parallel to @P¡, then F would not be the characteristic variety. If one end is parallel, and the other isn’t then the involution £ PjW, which interchanges @+W and @¡W, carries the annulus to a second, spanning annulus in

ab¶W-¶+W ^{GENUSTWO HEEGAARDSPLITTINGSOF ORIENTABLETHREE-MANIFOLDS 49}

W whose slope at both ends difiers from F . Since M is irreducible, this would be su–cien t to conclude that W »= T2£ I, contradicting 10.3.

Lemma 10.5. P¡ does not contain two disjoint curves fi and fl, the former boundary compressing via a disk in A¡ and the latter via a disk in B¡.

Proof. Suppose such curves existed. The ends of fi lie on @+W. A @-compression of

P¡ along fi changes it to a pair of pants with one boundary component an inessential circle in @+W. It follows that any essential arc in P¡ that is disjoint from fi and which has both ends on @¡W will @-compress via a disk in A¡. In particular, fl also has both ends on @+W. (See Figure 39.) Then simultaneous @-compressions on both fi and fl gives two parallel spanning annuli in W. Their ends on @+W have slope perpendicular to that of @+P¡ and on @¡W they have slope parallel to @¡P¡. The result then follows from Lemma 10.4.

Fig. 39.

Lemma 10.6. W contains no essential spanning annuli.

Proof. Suppose W contained an essential spanning annulus. Following Lemmas 6.2 and 10.4, we can assume that P¡ and Q¡ each intersect A in disjoint pairs of arcs.

The complement of A in W is a solid torus U (since F was the characteristic variety). On the other hand, the complement of its intersection with each of P¡ and Q¡ is an annulus, and this annulus is longitudinal in U since e. g. P¡ is @-compressible in both A¡ and B¡. Identify four slopes in @U: p;q;„; ‚ are, respectively, the slopes of P¡ \ @U, Q¡ \ @U, the meridian of U, and the the core of A. We know already

(with appropriate choice of orientation) that ‚ ¢p = ‚ ¢q = „ ¢p = 1 and „ ¢q = § 1.

Let m = p ¢q 6= 0. We know m is even, since £ P induces an orientation preserving involution on @U that preserves p and q. From this we have that q = p ¡ m‚ and

§ 1 = „ ¢q = „ ¢(p¡ m‚) = ¡ m(„ ¢‚) + 1. Since m is even and not zero, this implies that „ ¢‚ = § 1 and this guarantees that W »= T2£ I, contradicting 10.3.

The rest of the proof of Theorem 10.2 closely parallels that of Section 8, so some of it will just be sketched. We consider the square I £ I parameterizing the sweep-outs by P¡ and Q¡. We label any region in which the two surfaces are transv erse with label A if there is a meridian disk of A¡ whose boundary lies entirely in P¡ ¡ Q¡ or if there is an arc component of P¡ \ Q¡ which @-compresses to F via a disk in A¡.

ue+eu-wu-uw+50 HYAMRUBINSTEINANDMARTIN SCHARLEMANN_{Similarly apply labels B, X, and Y. Labels A and B (or X and Y) can’t appear onthe same or adjacent regions, in part by Lemma 10.5. So there will be regions withno labels at all.Consider how P¡ \ Q¡ appears in an unlabelled region. We can think of theintersection arcs in P¡ as a graph ¡P ‰ S2 whose edges are the arcs of intersectionand whose fat vertices are disks fllling in the four boundary components of P¡. Twoof these vertices, u+e and u+w lie on @+P¡ and two of them u¡e and u¡w lie on @¡P¡.(See Figure 40.) Similar remarks hold for the graph ¡Q ‰ S2 which describes thearcs of intersection in Q¡. Label the vertices in this graph by v+e, v+w, v¡e and v¡w ina similar fashion. Fig. 40.The valence of each vertex is 2p ¢q, where p and q are the slopes of @P¡ and Q¡in F respectively. Since the region has no labels, it follows that there are no trivialloops in ¡P or ¡Q, hence no loops at all. No loops in ¡P means that any edge in ¡Qhas one end in one of v+e, v+w and the other end in one of v¡e and v¡w. (An orientationparit y argument is used here.) That is, each edge has one end on a + vertex and oneend on a ¡ vertex, in fact in both graphs. If three or more edges are parallel in ¡Psay, then the bigons lying between them can be assembled to give a spanning annulusin W. So, following 10.6, we may as well assume that p ¢q = 1, so each vertex hasvalence 2.Now restrict atten tion to those regions ofI £ I which are unlabelled. In positioningscorresponding to these regions ¡P and ¡Q are bipartite graphs, so each face has aneven number of edges. For each face F in ¡P or ¡Q, deflne the index to beJ (F ) = jedges in @F j2 ¡ ´ (F ):}

The sum of the indices of all faces in ¡P or ¡Qis ´ (P¡) = 2. If the sum of the indices of all faces in P \ X (hence also P \ Y) is odd (resp. even) we say the positioning is P -odd (resp. P -even), and similarly for Q \ A. Since there are no loops in either graph, and the valence of each vertex is 2, to say a position is P -odd is equivalent to saying that both P \ X and P \ Y are disks with four edges. (See Figure 41.) Examination of the few combinatorial possibilities shows that P -odd is equivalent to Q-odd, so we will refer to unlabelled regions as either odd or even. Regions which already have labels are neither even nor odd. Note that a bigon in ¡Q lying in A¡ corresponds to a properly imbedded square I £ I ‰ (A¡ \ X) so that I £ f0g (resp. I £ f1g) is an edge of ¡P running between u§e (resp. u§w), and f0g £ I and f1g £ I are spanning arcs of the annuli A¡ \ @§W, one arc in each. Such a square (with two sides spanning the annuli @§ and the other two essential arcs in P¡) is called a

ue+eu-wu-uw+ue+eu-wu-uw+ GENUSTWO HEEGAARDSPLITTINGSOF ORIENTABLETHREE-MANIFOLDS 51spanning square in A¡. No side of a spanning square in A¡ can be isotopic to a sideof a spanning square in B¡, for otherwise the two squares could be assembled to givea spanning annulus, contradicting 10.6Fig. 41.Expand the rules for labelling, much as in Section 8, to include the label A0if thereis an arc in Q ¡ P which @-compresses to F via a @-compressing disk in A¡, andsimilarly for the other three labels B0;X0;Y0. (The difierence between A0and A isthat for the label A the @-compressing arc needs to be an arc of Q \ P whereas forlabel A0it only needs to lie in Q ¡ P .) The labels A;B;A0;B0(resp. X;Y;X0;Y0willbe called P -labels (resp. Q-labels.)Lemma 10.7. A previously unlabelled region adjacent to a region that has label Anow has label A0. Any region adjacent to a region that has only label A either itselfhas label A or it is even and has label A0. Similarly for labels B;X;Y.Proof. The move from the region with label A to the adjacent region corresponds toa band move. The band itself is in a face, and hence is disjoint from the edge of ¡Pthat @-compresses in A. (See Figure 42.) So the @-compressing disk persists evenafter the band move, though its edge in P¡ is no longer in the graph. Thus if theadjacent region had previously been unlabelled it now gets label A0.Fig. 42.If the original region has only label A (and not label X or Y) then A¡ must containtwo @-compressing disks, one with edge in P¡ running from u+e to u+w and the otherwith edge running from u¡e to u¡w. A band move that destroys both edges wouldresult in an even region and so one labelled A0. Otherwise one of the edges persistsand the label A remains.Lemma 10.8. Any even region has two primed labels. Adjacent regions cannot bothbe even. If a region is odd then its labels are a subset (possibly with primes removed)of the labels of any adjacent region.

ue+eu-wu-uw+XX

Proof. A region that is even corresponds to a positioning where in ¡P there are exactly two edges running between u§e and two between u§w. The resulting bigons lie either both in X or both in Y, say the former. (See Figure 43.) Then P¡ intersects X¡ only in two parallel spanning squares, so Q¡ @-compresses to @W in the complement of P¡, forcing the label X0. A dual argument works from ¡Qto give a label A0or B0.

Fig. 43.

The band move in ¡P corresponding to a move to an adjacent region creates either a loop, an edge corresponding to a loop in ¡Q (e. g. an edge with one end on each of u+e and u+w) or a positioning that is odd. The former two possibilities would have given the corresponding region unprimed labels, so it couldn’t be even.

Consider a positioning corresponding to an odd region and, say, A0is a label. That is, suppose an arc in P \ X, say, @-compresses through A to F . Then the arc has an end on each of u+e and u+w, say. (See Figure 44.) If one performed this @-compression one would see that there is also an arc in P \ Y with ends on u¡e and u¡w that @- compresses through A. One of these two arcs will persist in any adjacent region of the graphic, since the corresponding change of positioning of P¡ with respect to Q¡ is via a band move in either P¡ \ X (so the second one persists) or P¡ \ Y (so the flrst persists).

Fig. 44.

Lemma 10.9. In a positioning corresponding to an even region, with label A0, there is a properly imbedded square I £ I ‰ (A¡ \ X) so that I £ f0g (resp. I £ f1g) is parallel to an edge of ¡P running between u§e (resp. u§w), and f0g £ I and f1g £ I are spanning arcs of the annuli A¡ \ @§W, one arc in each. Similarly for labels

B0;X0;Y0.

Proof. Since the label is A0, there is a @-compressing disk D+ for P¡, lying in A¡, one of whose sides is a spanning arc of the annulus A¡ \ @+W, say, and the other side is in P¡ but disjoint from the arcs P¡ \ Q¡. If one performed this @-compression

ue+eu-wu-uw+pipeD P+-�D P--�

GENUSTWO HEEGAARDSPLITTINGSOF ORIENTABLETHREE-MANIFOLDS 53 one would see that there is also a @-compressing disk D¡ for P¡, lying in A¡, one of whose sides is a spanning arc of the annulus A¡ \ @¡W and the other side is also in

P¡ but disjoint from the arcs P¡ \ Q¡. Piping these disks together in P¡ ¡ Q¡ gives the required square. (See Figure 45.)

Fig. 45.

Lemma 10.10. No region can be labelled both A and B or both A0and B0. Similarly for labels X;X0;Y;Y0.

Proof. If both labels A and B occur then there would be a spanning annulus. If both labels A0and B0occur and the region is even, then 10.9 shows how to construct squares in both A¡ and B¡ which assemble to give a spanning annulus. If the region is odd, then note that in each of the two faces of ¡P there is only one isotopy class of arcs with one end point on each of u+e and u+w. (See Figure 46.) It follows that the boundary compressing disks in A¡ and B¡ either are disjoint or would assemble to make a compressing disk for @+W. The latter violates the hypothesis and the former would create a spanning annulus, contradicting 10.6. .

Fig. 46.

Lemma 10.11. No two adjacent regions can be labelled so that one has label A or

A0and the other has label one of B or B0. Similarly for labels X;X0;Y;Y0.

Proof. If adjacent regions are labelled A and B then in fact one can flnd disjoint

@-compressing disks for P¡, one of them in A¡ and the other in B¡, contradicting

10.5.

If adjacent regions are labelled A0and B0, then by 10.8 one is odd and so one has both labels. This contradicts 10.10.

PQ-�-

54 HYAMRUBINSTEINANDMARTIN SCHARLEMANN

If a region labelled A0is adjacent to one labelled B then by 10.8 and 10.10, the region labelled A0must be even. The label B on the adjacent region forces, by 10.7, the label B0onto the region labelled A0. This again contradicts 10.10.

Lemma 10.12. There is an unlabelled region.

Proof. Following 10.10 and 10.11, the alternativ e is that there is a vertex whose four adjacent regions are each labelled with one label, appearing in order around the vertex: A or A0, X or X0, B or B0, Y or Y0. It follows immediately from 10.8 that no region is odd and no two adjacent regions are even, so at least one of the labels is not primed. The labelling then contradicts 10.7.

To complete the proof of Theorem 10.2 begin with the positioning of P¡ and Q¡ that corresponds to an unlabelled, necessarily odd, region. As in 9.3 one can align P¡ and Q¡, flrst pushing arcs in the quadrilaterals (P¡)X and (Q¡)A(say) together and arcs in the quadrilaterals (P¡)Y and (Q¡)B together. The result is that P¡ and Q¡ are aligned except along a set of bigons, since (essentially by 10.7) no loops can be formed in either graph by a band move of P¡ across Q¡. If two bigons were parallel there would be a spanning annulus, contradicting 10.6 so, after the alignment, there are exactly four bigons in P¡ ¡ Q¡, one for each possible way of connecting a vertex u+e or u+w with u¡e or u¡w. Similarly, there are exactly four bigons in Q¡ ¡ P¡, one for each possible way of connecting a vertex v+e or v+w with v¡e or v¡w. Each bigon corresponds to a spanning square. (See Figure 47.) The picture is now so explicit that P and Q can be recognized as Variation 3 of Example 4.3.

Fig. 47.

References

[BCZ]M.Boileau,D.J. CollinsandH.Zieschang,Genus2HeegaarddecompositionsofsmallSeifert manifolds,Ann. Inst. Fourier, 41 (1991),1005-1024.

[BoO]F. BonahonandJ. P. Otal,Scindements deHeegaarddesespaceslenticulaires,Ann. scient.

¶Ec.Norm.Sup., 16 (1983),451-466.

[BO]M.Boileau,J.-P. Otal,Groupesdesdifi¶eotopiesdecertainesvari¶et¶esdeSeifert,C. R. Acad.

Sci.Paris, 303-I (1986),19-22.

[CG]A.CassonandC.McA.Gordon,ReducingHeegaardsplittings,Topologyandits applications,

27 (1987),275-283.

[CS]D.CooperandM.Scharlemann,Involutionsof3-dimensionalsolvmanifolds,to appear. [JS]M.JonesandM.Scharlemann,Handlebodiesandstronglyirreduciblesplittings,to appear. [Ja] W.Jaco,Lectures on three-manifoldtopology, RegionalConferenceseriesin Mathematics,no.

43,AMS,1980. [Mo]Y.Moriah,HeegaardsplittingsofSeifertflberedspaces,Invent.Math, 91 (1988),465-481. [MS]Y.MoriahandJ. Schultens,IrreducibleHeegaardsplittingsofSeifertflberedspacesareeither verticalorhorizontal, to appearinTopology.

[RS]H.RubinsteinandM.Scharlemann,ComparingHeegaardsplittingsofnon-Haken3-manifolds, Topology, 35 (1997),1005-1026.

[Sc]M.Scharlemann,Heegaardsplittingsofcompact3-manifolds,inHandbookofGeometricTopology, ed.by R. DavermanandR. Sher,Elsevier,(to appear).

Department of Mathematics University of Melbourne Parkville,Vic3052 Australia rubin@mundoe.mu.oz.au

Department of Mathematics University of California Santa Barbara, CA 93106 mgscharl@math.ucsb.edu