Stable C^∗-algebras

Mikael Rørdam

Abstract

We give a survey of known results, and add some new results, about stable C^∗- algebras. The main themes in the article are to characterize stable C^∗-algebras, to discuss permanence properties of the class of stable C^∗-algebras, and to investigate the relation between this topic and the structure problem for simple C^∗-algebras.

1 Introduction

This article contains some new results as well as a survey of older results, mostly from the articles [12], [16], and [17], on stable C^∗-algebras. Recall that a C^∗-algebra A is stable if it is isomorphic to A ⊗ K, where K denotes the C^∗-algebra of compact operators on a separable Hilbert space. Since K ⊗ K ∼= K it follows that A ⊗ K is stable for every C^∗-algebra A. If B_1 and B_2 are full hereditary sub-C^∗-algebras of a C^∗-algebra A, then B_1 ⊗ K ∼= B_2 ⊗ K by Brown’s theorem, [4]; and so any pair of stable, full hereditary sub-C^∗-algebras of a C^∗-algebra A are isomorphic.

Our goals for studying stable C^∗-algebras are to:

• Investigate a relation between stability of C^∗-algebras and the problem if every simple C^∗-algebra must be either stably finite or purely infinite. Corollaries 4.5 and 4.6 below can be viewed as a mild indication that the answer to this problem could be “no”.

• Investigate permanence properties of stable C^∗-algebras: Is the property of being stable closed under various natural C^∗-operations. Stability is closed under inductive limits and crossed products by discrete groups (Corollary 2.3); stability is not stable in the sense that M_2(A) can be stable without A being stable (Theorem 4.3). It remains an open problem if any extension of two stable C^∗-algebras must be stable (see Section 6).

• Decide for which finite C^∗-algebras absence of traces is equivalent to stability, and decide for which infinite C^∗-algebras absence of unital quotients is equivalent to stability.

I thank Larry Brown for valuable information about the extension problem, and I thank MSRI for its hospitality during the fall of 2000 and for its support from the NSF grant DMS-9701755.

2 Characterizing stable C^∗-algebras

We begin this section by stating a result from [12] by Hjelmborg and the author that characterizes stable C^∗-algebras. To state the result we need some notation.

In a C^∗-algebra A, let F (A) denote the set of positive elements a in A for which there exists e in A such that ea = ae = a. (Every element in F (A) belongs to the Pedersen ideal of A; but the Pedersen ideal can in some cases contain positive elements not in F (A) — this is the case whenever A is an algebraically simple, non-unital C^∗-algebra.)

A C^∗-algebra is said to be σ_p-unital if it contains a countable approximate unit consisting of projections. One can show that such an approximate unit always can always be taken to be increasing and dominating any fixed projection in the C^∗-algebra.

Remark 2.1 (Equivalence of positive elements) Two positive elements a, b in a C^∗- algebra A are said to be equivalent, written a ∼ b, if there is an element x in A such that x^∗x = a and xx^∗ = b. Write x = u(x^∗x)^{1/2}, where u is a partial isometry in A^{∗∗}. Then uc belongs to A for every c in aAa, and the map c → ucu^∗ defines an isomorphism from aAa onto bAb which maps a to b.

For every positive element c in aAa we have c ∼ ucu^∗. Indeed, y = uc^{1/2} belongs to A, y^∗y = c, and yy^∗ = ucu^∗.

Write a ≾ b if a and b are positive elements in A such that x^∗_nbx_n → a for some sequence {x_n} in A. For a in A^+ and ε > 0 let (a − ε)_+ denote the positive part of the self-adjoint element a − ε·1 in the unitization of ~A. Then (a − ε)_+ belongs to A, and a ≾ b if and only if (a − ε)_+ ∼ b_ε for some b_ε in bAb for each ε > 0 (cf. [15, Proposition 2.4]).

Theorem 2.2 (Theorems 2.1 and 3.3 of [12]) The following conditions are equivalent for every σ-unital C^∗-algebra A:

(i) A is stable, (ii) for every positive element a in A and for every positive ε > 0 there are positive elements b, c in A such that ‖a − b‖ ≤ ε, b ∼ c, and ‖ac‖ ≤ ε, (iii) for every a in F (A) there is a positive element b in A such that a ≾ b and a ⊥ b, (iv) for every a in F (A) there is a unitary element u in the unitization of A such that a ⊥ uau^∗, (v) there is a sequence {E_n}^∞_{n=1} of mutually orthogonal, mutually equivalent projections in the multiplier algebra M(A) of A such that ∑_∞ n=1 E_n = 1 (the sum converges in the strict topology).

If A is further assumed to be σ_p-unital, then (i) – (v) above are equivalent to: (vi) for every projection p in A there is a projection q in A such that p ∼ q and p ⊥ q. Corollary 2.3 (Permanence)

(i) If A is a σ-unital C^∗-algebra and if A is the inductive limit of an inductive system of σ-unital stable C^∗-algebras, then A is stable.

(ii) If A is stable, then so is every ideal in A and every quotient of A. (iii) If A is a σ-unital, stable C^∗-algebra and if a is a positive contraction in A, then (1 − a)A(1 − a) is stable.

(iv) If B is a sub-C^∗-algebra of a σ-unital, stable C^∗-algebra A and if B contains an approximate unit for A, then B is stable.

(v) If A is a σ-unital, stable C^∗-algebra and if G is a countable discrete group acting on A, then A ⋊ G is stable.

Parts (i), (iii), (iv), and (v) are proved in [12] (and the proof of (i) and (iii) uses Theorem 2.2). To see that (ii) holds we may assume that A = A_0 ⊗ K for some C^∗-algebra A_0. If I is a closed two-sided ideal in A_0 ⊗ K, then I = I_0 ⊗ K for some closed two-sided ideal I_0 of A_0, and it follows that I and A/I are stable.

It remains an open problem if any extension of two (σ-unital) stable C^∗-algebras must be stable, cf. Section 6. If A is stable, then so is A ⊗ B for every C^∗-algebra B. In the converse direction one cannot conclude that A is stable knowing that A ⊗ B is stable, not even in the case where B = M_2(C ), cf. Theorem 4.3.

No stable C^∗-algebra can admit a bounded trace nor can it have a unital quotient. The converse does not hold in general (see Corollary 4.4), but it does hold for certain well-behaved C^∗-algebras, cf. Proposition 2.7 below. Hjelmborg proved in [11] that Cuntz– Krieger algebras arising from infinite graphs are stable if and only if they admit no bounded trace and have no unital quotient.

For a particularly well-behaved class of finite C^∗-algebras, absence of bounded traces is equivalent to stability (see Section 3); and absence of unital quotients is equivalent to stability for purely infinite C^∗-algebras in the sense of [14] (see Section 5). A precursor to these results is given in Proposition 2.7 below. Reformulating that result slightly, we introduce the following:

Definition 2.4 A hereditary sub-C^∗-algebra B of a C^∗-algebra A is said to be large in A if for every every positive element a in A and for every ε > 0 there is x in A such that ‖x^∗x − a‖ ≤ ε and xx^∗ belongs to B.

Any large hereditary sub-C^∗-algebra is necessarily full, i.e., not contained in any proper ideal.

Every C^∗-algebra A is large in itself.

If B is a large hereditary sub-C^∗-algebra of A, then for each a in F (A) there is x in A such that x^∗x = a and xx^∗ belongs to B. Indeed, if e is a positive contraction in A such that ea = ae = a then z^∗(e − 1/2)_+z = a for some z in A (in the notation of Remark 2.1). Find x in A such that ‖x^∗x − e‖ < 1/2 and xx^∗ belongs to B. By [13, Lemma 2.2] there is y in A such that y^∗x^∗xy = (e − 1/2)_+. Put w = xyz. Then ww^∗ belongs to B and w^∗w = a as desired.

The argument above also shows that for every projection p in A there is a projection q in B such that p ∼ q (whenever B is large in A).

Lemma 2.5 Every full, hereditary sub-C^∗-algebra of a purely infinite C^∗-algebra is large.

Proof: Suppose that B be a full, hereditary sub-C^∗-algebra of a purely infinite C^∗-algebra A. Let a be a positive element in A and let ε > 0 be given. Then a belongs to the closed two-sided ideal generated by B, hence (a − ε/3)_+ belongs to the algebraic ideal generated by B, and hence (a − 2ε/3)_+ belongs to the algebraic ideal generated by some positive element b in B. Since A is purely infinite, (a − ε)_+ = y^∗by for some y in A. This shows that (a − ε)_+ = x^∗x and xx^∗ ∈ B when x = b^{1/2}y. □

Lemma 2.6 Any full, stable, hereditary sub-C^∗-algebra of a separable C^∗-algebra is large.

Proof: Let B be a full, stable, hereditary sub-C^∗-algebra of a C^∗-algebra A, let a be a positive element in A and let ε > 0 be given. Since F (B) is dense in B^+ and since B is full in A, the algebraic ideal in A generated by F (B) is dense in A. It follows that we can find b in F (B) and x_1, . . . , x_n in A such that ‖ n∑ j=1 x^∗_j bx_j − a‖ ≤ ε.

It follows from Theorem 2.2 that there are mutually orthogonal and mutually equivalent positive elements b_1 = b, b_2, . . . , b_n in B. Find u_1, . . . , u_n in B such that u^∗_j u_j = b and u_ju^∗_j = b_j , so that u^∗_i u_j = 0 when i ≠ j. Put x = ∑_n j=1 u_jx_j . Then xx^∗ belongs to B and x^∗x = ∑_n j=1 x^∗_j u^∗_j u_jx_j = ∑_n j=1 x^∗_j bx_j . □

Proposition 2.7 (Proposition 5.1 of [12]) Let A be a σ-unital C^∗-algebra. Suppose that any full, hereditary sub-C^∗-algebra B of A is large if it admits no non-zero bounded trace. Then A is stable if and only if there is no non-zero bounded trace on A and A has no non-trivial unital quotient.

We shall in Section 4 give an example of a non-stable σ_p-unital C^∗-algebra A without bounded traces and unital quotients. It follows from Proposition 2.7 that A has a full, hereditary sub-C^∗-algebra B that is not large in A and that does not have a bounded trace.

The example below is due to Ken Dykema.

Example 2.8 The full free product K ∗ K is not stable; hence the class of stable C^∗-algebras is not closed under forming free products.

Indeed, K ∗ K has a unital quotient. To see this, let {e_{ij} }^∞_{i,j=1} be the standard matrix units for K. Observe that if D is a C^∗-algebra and if f_1, f_2, . . . is a sequence of mutually orthogonal and equivalent projections in D, then there is an embedding φ: K → D such that φ(e_{jj}) = f_j . Take the Cuntz algebra O_2 with its two canonical generators s_1 and s_2. Since every pair of non-zero projections in O_2 are equivalent and any non-zero projection in O_2 has countably many mutually orthogonal non-zero sub-projections, there are embeddings φ_1, φ_2 : K → O_2 such that φ_1(e_{11}) = s_1s^∗_1 and φ_2(e_{11}) = s_2s^∗_2. By the universal property of free products there is a^∗-homomorphism φ: K ∗ K → O_2 whose restriction to the first and the second copy of K is φ_1, respectively, φ_2. Accordingly, 1 = s_1s^∗_1 + s_2s^∗_2 belongs to the image of φ. Hence K ∗ K has a unital quotient.

3 Stability of finite C^∗-algebras

Blackadar proved in [1] that a (simple) AF-algebra is stable if and only if it admits no bounded trace. We shall in this section pursue generalizations of this result. Let us first remark that any unital, properly infinite C^∗-algebra is traceless but not stable. One will therefore expect the two properties, being stable and being traceless, to be equivalent only for finite C^∗-algebras; and even here the equivalence does not hold without qualifications.

As in [1] it is convenient to consider also a third property of a C^∗-algebra that the scale of its K_0-group equals the entire positive cone. The positive cone and the scale of the K_0-group of a C^∗-algebra A are given by

K_0(A)^+ = {[p]_0 : p ∈ P(A ⊗ K)}, D_0(A) = {[p]_0 : p ∈ P(A)}.

It follows from Lemma 2.6 that D_0(A) = K_0(A)^+ for all stable C^∗-algebras.

An axiomatic description of a scaled ordered Abelian group is given in the following:

Definition 3.1 A triple (G, G^+, Σ) will be called a scaled, ordered Abelian group if (G, G^+) is an ordered Abelian group and Σ is an upper directed, hereditary, full subset of G^+, i.e.,

(i) ∀x_1, x_2 ∈ Σ ∃x ∈ Σ : x_1 ≤ x, x_2 ≤ x,

(ii) ∀x ∈ G^+ ∀y ∈ Σ : x ≤ y ⇒ x ∈ Σ, (iii) ∀x ∈ G^+ ∃y ∈ Σ ∃k ∈ N : x ≤ ky. A (σ_p-unital) C^∗-algebra A is said to be finite if it contains no infinite projections, and A is stably finite if M_n(A) is finite for every n. (A projection is infinite if it is Murray–von Neumann equivalent to a proper subprojection of itself.) If

∀p, q ∈ P(A ⊗ K) : [p]_0 = [q]_0 in K_0(A) =⇒ p ∼ q,

then A is said to have cancellation. We have

sr(A) = 1 =⇒ A has cancellation =⇒ A is stably finite, for all C^∗-algebras A.

Lemma 3.2 Let A be a C^∗-algebra with the cancellation property, let p be a projection in A, and let g be an element in K_0(A).

(i) If 0 ≤ g ≤ [p]_0, then there is a projection q in A such that q ≤ p and [q]_0 = g.

(ii) If A is σ_p-unital, if [p]_0 ≤ g, and if g belongs to D_0(A), then there is a projection q in A such that p ≤ q and [q]_0 = g.

Proof: (i). Find projections e, f in matrix algebras over A such that [e]_0 = g and [f]_0 = [p]_0 − g. Then [e ⊕ f]_0 = [p]_0 and because A is assumed to have the cancellation property we conclude that e ⊕ f ∼ p. Find a rectangular matrix v over A such that v^∗v = e ⊕ f and vv^∗ = p, and set q = v(e ⊕ 0)v^∗. Then q belongs to A, q ≤ p, and [q]_0 = g.

(ii). There is an approximate unit {p_n}^∞_{n=1} for A where each p_n is a projection dominating p. Now, [p_n]_0 ≥ g for some n. Indeed, take a projection q^′ in A such that g = [q^′]_0 and choose n such that ‖(1 − p_n)q^′‖ < 1. Then q^′ ≾ p_n, and so [p_n]_0 ≥ [q^′]_0 = g. Use (i) to find a projection e in A such that e ≤ p_n − p and [e]_0 = g − [p]_0. The projection q = p + e will then be as desired. □

Lemma 3.3 The triple ( K_0(A), K_0(A)^+, D_0(A) ) is a scaled, ordered, Abelian group if A is a σ_p-unital C^∗-algebra with the cancellation property.

Conversely, if A is a stable, σ_p-unital C^∗-algebra with the cancellation property, and if Σ is a subset of K_0(A)^+ for which the triple ( K_0(A), K_0(A)^+, Σ ) is a scaled, ordered, Abelian group, then there is a full, σ_p-unital, hereditary sub-C^∗-algebra B of A such that ( K_0(B), K_0(B)^+, D_0(B) ) ∼ = ( K_0(A), K_0(A)^+, Σ ) . Proof: Assume that A is a σ_p-unital C^∗-algebra with the cancellation property. Let {p_n}^∞_{n=1} be an approximate unit for A consisting of projections. (i) in Definition 3.1 holds as we can take x to be [p_n]_0 for some large enough n. (ii) follows from Lemma 3.2 (i). If q is a projection in M_k(A), then q is equivalent to a projection in M_k(p_nAp_n) for some large enough n whence [q]_0 ≤ k[p_n]_0. Hence (iii) in Definition 3.1 holds.

To prove the second part of the lemma, use (i), (ii), and (iii) in Definition 3.1 to find 0 ≤ x_1 ≤ x_2 ≤ x_3 ≤ . . . in Σ such that for every g in K_0(A)^+ the following two conditions are satisfied:

• g ≤ kx_n for some positive integers k and n, and

• g belongs to Σ if and only if g ≤ x_n for some n.

Use Lemma 3.2 (ii) to find an increasing sequence {q_n}^∞_{n=1} of projections in A such that [q_n]_0 = x_n. Let B be the closure of ⋃_∞ n=1 q_nAq_n. Then B is a full σ_p-unital sub-C^∗-algebra of A. By construction of B, if g is an element in K_0(A), then g belongs to Σ if and only if there is a projection e in B such that g = [e]_0. It follows that the isomorphism K_0(B) → K_0(A) induced by the inclusion mapping B → A maps D_0(B) onto Σ. □

An ordered Abelian group (G, G^+) is said to be weakly unperforated if ng > 0 implies g > 0 for every g in G and for every positive integer n. (Other texts have assigned other meanings to the term weak unperforation.)

Proposition 3.4 Let A be a σ_p-unital C^∗-algebra with the cancellation property, and consider the following three conditions:

(i) A is stable,

(ii) D_0(A) = K_0(A)^+,

(iii) A admits no bounded trace.

Then (i) ⇐⇒ (ii) =⇒ (iii),

and (iii) ⇒ (ii) if A is exact, K_0(A) is weakly unperforated, and every ideal in A is σ_punital.

Proof: The implication (i) ⇒ (ii) holds for all C^∗-algebras (as noted above). The assumption that A is σ_p-unital implies that every non-zero, densely defined trace τ on A induces a non-zero state ^τ on K_0(A), and

‖τ‖ ≥ sup{^τ (g) : g ∈ D_0(A)} = sup{^τ (g) : g ∈ K_0(A)^+} = ∞,

when (ii) holds. Therefore (ii) ⇒ (iii).

(ii) ⇒ (i): Assume that (ii) holds. Let p be a projection in A. Then 2[p]_0 belongs to D_0(A), and so it follows from Lemma 3.2 (ii) that there is a projection q in A with p ≤ q and [q]_0 = 2[p]_0. Using again that A has the cancellation property we find that q − p ∼ p. It now follows from Theorem 2.2 that A is stable.

(iii) ⇒ (ii): Assume next that K_0(A) is weakly unperforated, each ideal in A is σ_punital, A is exact, and that (iii) holds. Take g in K_0(A)^+ and find a projection p in A ⊗ K such that g = [p]_0. Let I ⊗ K be the closed two-sided ideal in A ⊗ K generated by p, and take an increasing approximate unit {p_n}^∞_{n=1} of projections for I. Let T be the compact set of traces τ on I such that τ(p) = 1. Then

sup_{n∈N} τ(p_n) = ∞

for every τ in T (otherwise τ would extend to a bounded trace on I and in turns to a bounded trace on A).

Each projection q in I (or in I ⊗ K) defines a continuous affine function ^q : T → R, and {^p_n} is an increasing sequence of functions tending pointwise to infinity. Since T is compact we have ^p_n > 1 for some n. In other words, τ(p) < τ(p_n) for all τ in T . We infer that f([p]_0) < f([p_n]_0) for all states f on (K_0(I), K_0(I)^+) with f([p]_0) = 1. Indeed, each such state f lifts to a quasitrace τ on I (by [3]) and each quasitrace on an exact C^∗-algebra is a trace (by Haagerup’s theorem in [10]). By Goodearl–Handelman’s extension theorem (see [9]), k[p]_0 < k[p_n]_0 in K_0(I) (and hence in K_0(A)) for some natural number k. Since K_0(A) is weakly unperforated we can conclude that [p]_0 < [p_n]_0. This entails that g = [p]_0 belongs to D_0(A) using Lemma 3.3 and Definition 3.1 (ii). □

The three conditions of Proposition 3.4 are equivalent for all separable, exact, real rank zero C^∗-algebras with the cancellation property and with weakly unperforated K_0-group. This is a lot to ask for, but many commonly encountered C^∗-algebras satisfy these properties. For example, all AF-algebras, and more generally, all AH-algebras of real rank zero and of slow dimension growth have these properties (see [8] and [2]).

Stability of a finite C^∗-algebra can also be expressed in terms of properties of its multiplier algebra as in the proposition below from [17]. Recall that a unital C^∗-algebra is properly infinite if it contains two mutually orthogonal projections p, q such that 1 ∼ p ∼ q.

Proposition 3.5 Let A be a C^∗-algebra and let M(A) denote its multiplier algebra.

(i) If A is stable, then M(A) is properly infinite.

(ii) If A is σ-unital, sr(A) = 1, and A is not stable, then M(A) is not properly infinite.

(iii) If A is σ-unital, simple, sr(A) = 1, and A is not stable, then M(A) is finite.

Part (i) is standard and follows from the fact that M(A)⊗M(K) (maximal tensor product) maps into M(A ⊗ K). Part (i) and (ii) say that for σ-unital C^∗-algebras A of stable rank one, A is stable if and only if M(A) is properly infinite.

If A is a unital, properly infinite C^∗-algebra, then M(A) = A, and hence M(A) is properly infinite. On the other hand, A is not stable. We can therefore not in general deduce that A is stable knowing that M(A) is properly infinite.

4 Stability is not a stable property

One often refers to a property of C^∗-algebras as being stable if it is preserved by passing from A to M_n(A) and vice versa for each n. Being stable is not a stable property in this sense, as shown by the author in [16] using techniques of Villadsen from [18].

We first state a result that limits how exotic this behavior can be:

Proposition 4.1 (Proposition 2.1 of [16]) Let A be a σ-unital C^∗-algebra. If M_n(A) is stable for some integer n, then M_k(A) is stable for all k ≥ n.

The proof uses Theorem 2.2.

Let us indicate at the level of scaled, ordered Abelian groups why there should exists a non-stable C^∗-algebra A such that M_2(A) is stable:

Example 4.2 (Example 3.4 of [16]) Let Z_2 denote the group Z/2Z, and let Z^{(∞)}_2 denote the group of all sequences t = (t_j )^∞_{j=1}, with t_j ∈ Z_2 and where t_j ≠ 0 for at most finitely many j. For each t ∈ Z^{(∞)}_2 let d(t) be the number of elements in the set {j ∈ N | t_j ≠ 0}. Set G = Z ⊕ Z^{(∞)}_2 , G^+ = {(k, t) | d(t) ≤ k}, Σ = {(k, t) | d(t) = k}. Then (G, G^+, Σ) is a scaled, ordered Abelian group, cf. Definition 3.1. To see this, let e_j ∈ Z^{(∞)}_2 be the generator of the jth copy of Z_2 and set g_j = (1, e_j) ∈ G^+. Then

Σ = ∞⋃ j=1 {x ∈ G^+ | x ≤ g_1 + g_2 + · · · + g_j},

and in this picture it is easy to see that Σ satisfies the axioms of Definition 3.1.

The element (2, e_1) belongs to G^+ but not to Σ, and so Σ ≠ G^+. If A is a C^∗-algebra whose scaled ordered K_0-group is isomorphic to (G, G^+, Σ), then the scaled ordered K_0-group of M_2(A) is isomorphic to (G, G^+, Σ ^+Σ), where Σ ^+Σ is the set of elements x in G^+ for which there exist y_1, y_2 in Σ such that x ≤ y_1 + y_2. In the given example, Σ ^+Σ = G^+, because if g = (k, t) belongs to G^+, then

g ≤ g + g = (2k, 0) = 2(g_1 + g_2 + · · · + g_k).

If we can find a σ_p-unital C^∗-algebra A with the cancellation property such that the scaled ordered K_0-group of A is isomorphic to (G, G^+, Σ), then A will be non-stable and M_2(A) will be stable by Proposition 3.4. The C^∗-algebra found in Theorem 4.3 below, corresponding to n = 2, has the property that a subgroup of its K_0-group is isomorphic to (G, G^+, Σ).

For the formulation of the next result, recall that an AH-algebra is a C^∗-algebra that is the inductive limit of a sequence of C^∗-algebras of the form p(C(X) ⊗ K)p, where X is a (not necessarily connected) compact Hausdorff space and p is a projection in C(X) ⊗ K.

Theorem 4.3 (Theorem 5.3 and Corollary 4.2 of [16])

(i) For each natural number n there is a simple, separable, σ_p-unital AH-algebra A of stable rank one such that M_n(A) is stable but M_{n−1}(A) is not stable.

(ii) For each natural number n there is continuous field C^∗-algebra A = (A_x)_{x∈X} , where X is a compact Hausdorff space and where each fiber A_x is isomorphic to K, such that M_{n−1}(A) is not stable and M_n(A) is stable.

We indicate here the proof of part (ii) in the case where n = 2. As mentioned above, the proof follows ideas of Villadsen.

Let Y = RP^2 be the real projective plane and recall that its cohomology (over Z) is given as:

H^0(Y ; Z) ∼= Z, H^1(Y ; Z) = 0, H^2(Y ; Z) ∼= Z/2Z.

We have C(Y ) = {f ∈ C(D ) : f(z) = f(−z) for all z ∈ T}. Let ξ_0 be a complex line bundle over Y with non-trivial Euler class e(ξ_0) in H^2(Y ; Z). This line bundle corresponds to the projection p in M_2(C(Y )) given by

p(re^{it}) = ( r e^{it} √ r(1 − r) e^{−it} √ r(1 − r) 1 − r ) , r ∈ [0, 1], t ∈ [0, 2π].

Also, ξ_0 ⊕ ξ_0 ∼= θ_2, the trivial 2-dimensional complex bundle over Y .

Put X = ∏_∞ n=1 Y and let π_n : X → Y be the coordinate map onto the nth copy of Y . Put ξ_n = π^∗_n(ξ_0), so that each ξ_n is a complex line bundle over X. We have ξ_n ⊕ ξ_n = π^∗_n(ξ_0 ⊕ ξ_0) ∼= θ_2 for every n. An application of Künneth’s theorem shows that ξ_1 ⊕ ξ_2 ⊕ · · · ⊕ ξ_n has non-trivial Euler class for every n. It follows that there for no n is a complex bundle η such that ξ_1 ⊕ η ∼= ξ_2 ⊕ · · · ⊕ ξ_n since that would entail

θ_2 ⊕ η ∼= ξ_1 ⊕ ξ_1 ⊕ η ∼= ξ_1 ⊕ ξ_2 ⊕ · · · ⊕ ξ_n.

This cannot be because θ_2 ⊕ η has trivial Euler class, whereas ξ_1 ⊕ ξ_2 ⊕ · · · ⊕ ξ_n was constructed to have non-trivial Euler class.

Choose mutually orthogonal projections p_1, p_2, . . . in C(X)⊗K such that p_n corresponds to the line bundle ξ_n, and let e be a projection in C(X) ⊗ K corresponding to the trivial bundle θ_1. Then

(a) p_n ⊕ p_n ∼ e ⊕ e for all n, and

(b) p_1 is not equivalent to a sub-projection of p_2 + p_3 + · · · + p_n for any n.

Put q_n = p_1 + · · · + p_n and set

A = ∞⋃ n=1 q_n ( C(X) ⊗ K ) q_n.

With ρ_x : A → K the restriction to A of the evaluation mapping C(X) ⊗ K → K at x, A gets the structure of a continuous field C^∗-algebra with base space X and with each fiber isomorphic to K.

By (b) above, there is no projection q in A such that q ∼ p_1 and q ⊥ p_1, and it follows from (a) that M_2(A) is stable. □

We can now conclude that there are non-stable C^∗-algebras that do not have bounded traces or unital quotients:

Corollary 4.4 There is a non-stable, non-unital, separable, nuclear, simple, σ_p-unital C^∗- algebra A that admits no bounded traces.

Proof: Take A as in Theorem 4.3 (i) corresponding to n = 2. Then A is non-stable, separable, nuclear, simple and σ_p-unital. Since M_2(A) is stable, A is not unital, nor can it have a bounded trace. □

It is an important open problem if every simple C^∗-algebra is either stably finite or purely infinite. The existence of a simple C^∗-algebra with a non-zero finite and an infinite projection would provide a negative answer to this problem, but we do not know if there is such a simple C^∗-algebra. A unital, finite C^∗-algebra A such that M_2(A) is infinite is known (see [6]) but there is no example of a simple C^∗-algebra A with this behavior.

Cuntz has shown that every infinite projection in a simple C^∗-algebra is properly infinite. It would therefore be natural to attempt to apply some algebraic argument to solve the problem about simple C^∗-algebras by showing that if A is a unital, finite (possibly nonsimple) C^∗-algebra, then M_2(A) cannot be properly infinite. This conclusion, however, is false:

Corollary 4.5 For each natural number n there is a unital C^∗-algebra B such that M_n(B) is properly infinite, but M_k(B) is finite for k < n.

Proof: Take A to be the C^∗-algebra constructed in Theorem 4.3 (i). Let B = M(A) be the multiplier algebra of A. Then M_k(B) ∼= M(M_k(A)). We can now apply Proposition 3.5 to conclude that B is as desired. □

The C^∗-algebra B constructed in Corollary 4.5 is not separable, not simple, and not nuclear. Whereas I do not know how to construct a simple (or a nuclear) example, it is easy to make B separable: Take two isometries s_1, s_2 in M_n(B) such that s_1s^∗_1 ⊥ s_2s^∗_2. Let s_k(i, j) ∈ B be the matrix entries for s_k, k = 1, 2, and let B_0 be the separable sub-C^∗-algebra of B generated by the 2n^2 elements s_k(i, j). Then s_1, s_2 belong to M_n(B_0), and this makes M_n(B_0) properly infinite. Being a sub-C^∗-algebra of the finite C^∗-algebra M_k(B), M_k(B_0) is finite when k < n.

We can rephrase Corollary 4.5 as follows: There is a unital, properly infinite C^∗-algebra A such that (1 − e)A(1 − e) is finite for some projection e ≠ 1 in A, and e can be chosen to have size 1/n. The next corollary says that the example can be sharpened in that e can be chosen to have infinitesimal size.

Corollary 4.6 There is a properly infinite, unital C^∗-algebra A and an embedding φ: K → A such that the corner C^∗-algebra (1 − φ(e))A(1 − φ(e)) is finite whenever e is a non-zero projection in K.

Proof: By Corollary 4.5 there is for each natural number n a unital C^∗-algebra B_n such that M_n(B_n) is properly infinite and M_{n−1}(B_n) is finite. Put A = ∞∏ n=1 M_n(B_n) /^∞∑ n=1 M_n(B_n),

where ∏_∞ n=1 M_n(B_n) is the C^∗-algebra of all bounded sequences {x_n}^∞_{n=1} such that x_n ∈ M_n(B_n), and ∑_∞ n=1 M_n(B_n) is the ideal of those {x_n}^∞_{n=1} for which ‖x_n‖ → 0. Let π : ∏_∞ n=1 M_n(B_n) → A denote the quotient mapping.

Since each M_n(B_n) is properly infinite, ∏_∞ n=1 M_n(B_n) and hence A are properly infinite.

Let {e_{ij} }^∞_{i,j=1} be a set of matrix units for the compact operators K. For n in N and for 1 ≤ i, j ≤ n, let g^{(n)}_{ij} ∈ M_n(C ) ⊆ M_n(B_n) be the (i, j)th standard matrix unit (wrt. the natural embedding of M_n(C ) into M_n(B_n) defined by the unit of B_n). Set g^{(n)}_{ij} = 0 if i or j is greater than n. Put

g_{ij} = (g^{(1)}_{ij} , g^{(2)}_{ij} , g^{(3)}_{ij} , . . . ), f_{ij} = π(g_{ij} ).

Then {f_{ij} }^∞_{i,j=1} are matrix units for K, and so there is a^∗-homomorphism φ: K → A given by φ(e_{ij}) = f_{ij}. We proceed to check that (1 − φ(e))A(1 − φ(e)) is finite for all non-zero projections e in K. It suffices to consider the case e = e_{11}.

Suppose, to reach a contradiction, that (1 − φ(e_{11}))A(1 − φ(e_{11})) is infinite and take a non-unitary isometry s in that algebra. Lift s to an element x = (x_1, x_2, . . . ) in ∏_∞ n=1 M_n(B_n). Upon replacing each x_n by (1 − g^{(n)}_{11} )x_n(1 − g^{(n)}_{11} ) we may assume that each x_n = (1 − g^{(n)}_{11} )x_n(1 − g^{(n)}_{11} ). Since

π(1 − g^{(1)}_{11} , 1 − g^{(2)}_{11} , . . . ) = 1 − φ(e_{11}) = π(x^∗_1x_1, x^∗_2x_2, . . . ),

we conclude that ‖x^∗_nx_n − (1 − g^{(n)}_{11} )‖ → 0, and so x^∗_nx_n is invertible (in the corner algebra (1 − g^{(n)}_{11} )M_n(B_n)(1 − g^{(n)}_{11} )) for all sufficiently large n. As (1 − g^{(n)}_{11} )M_n(B_n)(1 − g^{(n)}_{11} ) ∼= M_{n−1}(B_n) and this C^∗-algebra is finite, we can further conclude that x_n is invertible for all large enough n. But then s is invertible, a contradiction. □

By an argument similar to the one outlined below Corollary 4.5, the C^∗-algebra A in Corollary 4.6 can be taken to be separable. One cannot take A to be simple: any simple, unital C^∗-algebra that admits an embedding of K is properly infinite (cf. [7]); and there are embeddings K → (1 − e)K(1 − e) → (1 − φ(e))A(1 − φ(e)).

5 Stability of infinite C^∗-algebras

A (simple or non-simple) C^∗-algebra A is said to be purely infinite if it has no Abelian quotient and if for every pair of positive elements a, b in A, such that b belongs to the closed two-sided ideal generated by a, there is a sequence {x_n} of elements in A with x^∗_nax_n → b (see [14]). This notion was introduced by Cuntz for simple C^∗-algebras, and he defined, in agreement with the definition above, a simple C^∗-algebra to be purely infinite if each of its non-zero hereditary sub-C^∗-algebras contain an infinite projection.

There are nice characterizations of stability for purely infinite C^∗-algebras, and conversely, one can characterize pure infiniteness in terms of stability.

We look first at the case of simple C^∗-algebras. Here we have the following classical result of of S. Zhang from [19] (that also can be derived from Theorem 2.2 using that every purely infinite, simple, σ-unital C^∗-algebra has an (increasing) approximate unit consisting of projections, and that for any pair of non-zero projections p, q in such a C^∗-algebra one has p ≾ q):

Proposition 5.1 (Zhang’s Dichotomy) A σ-unital, purely infinite, simple C^∗-algebra is either unital or stable.

The result below is an observation of Kirchberg and it is a special case of Proposition 5.4 below for which we include a proof.

Proposition 5.2 A simple C^∗-algebra A is purely infinite if and only if every non-zero hereditary sub-C^∗-algebra of A contains a (non-zero) stable sub-C^∗-algebra.

Purely infinite C^∗-algebras (simple and non-simple alike) have no traces. The proposition below, proved in [14, Theorem 4.24] and which is an easy consequence of Proposition 2.7, extends Zhang’s Dichotomy. There are (non-simple) purely infinite C^∗-algebras that are neither stable nor unital. Take for example C_0(R) ⊗ O_2.

Proposition 5.3 A (possibly non-simple) purely infinite, σ-unital C^∗-algebra is stable if and only if it has no unital quotients.

George Elliott suggested that the following result holds:

Proposition 5.4 Let A be a (possibly non-simple) separable C^∗-algebra A. Then the following three conditions are equivalent:

(i) A is purely infinite,

(ii) every non-zero hereditary sub-C^∗-algebra of A contains a full, stable, hereditary sub- C^∗-algebra,

(iii) every non-zero hereditary sub-C^∗-algebra of A contains a full, stable (not necessarily hereditary) sub-C^∗-algebra.

Proof: (i) ⇒ (ii): Let B be a non-zero hereditary sub-C^∗-algebra of A. Take a countable dense subset X of the unit ball of B^+ and put Y = {(b − 1/n)_+ : b ∈ X, n ∈ N}, cf. Remark 2.1. Let Y = {b_1, b_2, . . . } be an enumeration of Y . We proceed to find mutually orthogonal positive elements c_1, c_2, . . . in B such that c_j ∼ b_j (cf. Remark 2.1) and B ∩ {c_1, . . . , c_n}^⊥ is full in B for every n. The set {c_n, c_{n+1}, . . . } will then be full in B for every natural number n. We construct the sequence {c_n}^∞_{n=1} by induction and to do so it suffices to justify the first step, i.e., to find c_1.

By construction, b_1 = (b − ε)_+ for some ε > 0 and some positive contraction b in B. The element b is properly infinite because A is purely infinite and we can therefore find x, y in bAb with x^∗x = y^∗y = (b − ε/2)_+ and xx^∗ ⊥ yy^∗ (see [14, Lemma 3.2]). Let x = u|x| be the polar decomposition for x as in Remark 2.1. There is a positive contraction f in the hereditary sub-C^∗-algebra generated by x^∗x = (b − ε/2)_+ such that fb_1 = b_1f = b_1. Put c_1 = ub_1u^∗, put e = ufu^∗, and let I be the closed two-sided ideal in B generated by B ∩ {c_1}^⊥. Then c_1 ∼ b_1, cf. Remark 2.1, and it remains to show that I = B. Because yy^∗ belongs to B ∩ {c_1}^⊥ we conclude that y^∗y = (b − ε/2)_+ belongs to I. It follows that f and hence e belong to I. By construction, ec_1 = c_1e = c_1 and so (1 − e)a(1 − e) belongs to B ∩ {c_1}^⊥ for all a in B. Now, each element a in B belongs to the ideal generated by {eaa^∗e, (1 − e)aa^∗(1 − e)} and hence to I. This proves that I = B.

Let D and D_n be hereditary sub-C^∗-algebras of B generated by c_1, c_2, . . . , respectively, by c_1, . . . , c_n. Then D_1 ⊆ D_2 ⊆ · · · and D = ⋃_∞ n=1 D_n. Since D contains c_1, c_2, . . . , the closed two-sided ideal of B generated by D contains b_1, b_2, . . . , and this set generates B. Therefore D is full in B. We must also show that D is stable. This follows by an application of Theorem 2.2, but it can be seen more easily by first noting that D is purely infinite, being a hereditary sub-C^∗-algebra of A, and D has no unital quotient. Indeed, assume that J is a proper ideal in D and that D/J is unital. The unit of D/J will then belong to D_n/(J ∩ D_n) for some sufficiently large n. In that case c_k belongs to J for all k > n; but c_{n+1}, c_{n+2}, . . . is full in D (by construction of b_n and c_n), and hence J = D, a contradiction. Proposition 5.3 now yields that D is stable.

(ii) ⇒ (iii) is trivial.

(iii) ⇒ (i): Suppose that (iii) holds. Take a positive element a in A and find a full, stable sub-C^∗-algebra D of aAa. Let ε > 0 be given. Being separable and stable, D contains a sequence of mutually orthogonal and equivalent elements c_1, c_2, . . . so that a belongs to the ideal generated c_1. (To see this, write D = D_0 ⊗ K, take a strictly positive element c in D_0 and put c_j = c ⊗ e_{jj}.) Let u_j, j ≥ 2, be partial isometries in A^{∗∗} implementing the equivalence between c_1 and c_j so that u^∗_j c_ju_j = c_1, cf. Remark 2.1, and such that u_iu^∗_i ⊥ c_j when i ≠ j. Find n and elements x_1, . . . , x_n in D such that (a − ε)_+ = ∑_n j=1 x^∗_j c_1x_j . Put

e = n∑ j=1 c_j , f = 2n∑ j=n+1 c_j, x = n∑ j=1 u_jx_j , y = n∑ j=1 u_{n+j}x_j .

Then e and f are mutually orthogonal positive elements in aAa and x^∗ex = y^∗fy = (a−ε)_+. This shows that a is properly infinite, cf. [14, Proposition 3.3], and since a was arbitrary we conclude that A is purely infinite. □

6 The extension problem

One motivation for characterizing stability of C^∗-algebras is to study the following wellknown open problem:

Question 6.1 Given a short exact sequence of (separable) C^∗-algebras

0 // I // A // B // 0.

Does it follow that A is stable if I and B are known to be stable?

The answer to Question 6.1 is not even known for split extensions. The following special case of Question 6.1 also remains open:

Question 6.2 Given two stable closed two-sided ideals I and J in a (separable) C^∗-algebra A. Does it follow that their sum I + J is stable?

That an affirmative answer to Question 6.2 will follow from an affirmative answer to Question 6.1 is seen by considering the short exact sequence:

0 // I // I + J // (I + J)/I // 0,

and noting that (I + J)/I ∼= J/(I ∩ J) is stable being (isomorphic) to a quotient of the stable C^∗-algebra J.

Given a partially ordered set (P, ≤). An element x in P is called maximal if x ≤ y implies x = y for all y in X. An element x is called a greatest element if y ≤ x for every y in X. A greatest element is also a maximal element (but not conversely); a partially ordered set can have at most one greatest element, but it can have several maximal elements.

Proposition 6.3 Every separable C^∗-algebra has a maximal stable ideal (i.e., a stable ideal not properly contained in any other stable ideal).

Proof: Use Zorn’s Lemma to choose a maximal totally ordered family {I_i}_{i∈I} of stable ideals in A (counting 0 as a stable ideal) and set I = ⋃ i∈I I_i. Then I is an ideal in A and I is not properly contained in any stable ideal in A by maximality of the set {I_i}_{i∈I}. It follows from Corollary 2.3 (i) that I is stable. □

Question 6.4 Let A be a (separable) C^∗-algebra.

(i) Does A have a greatest stable ideal (i.e., a stable ideal that contains all other stable ideals)?

(ii) Does A have a stable ideal I such that A/I has no non-zero stable ideals?

An ideal I satisfying Question 6.4 (ii) will necessarily be a greatest stable ideal in A. Indeed, if J is another stable ideal in A, then (I + J)/I — which is isomorphic to J/(I ∩ J) — is a stable ideal in A/I, and so (I + J)/I is zero. This entails that J ⊆ I.

Question 6.4 (ii) asks in other words if every C^∗-algebra A has a (unique) greatest stable ideal I and if this ideal has the additional property that A/I has no non-zero stable ideals.

It follows from Proposition 6.3 (and its proof) that any stable ideal of a separable C^∗- algebra is contained in a maximal stable ideal. We can therefore rephrase Question 6.2 (i) as follows: Does every (separable) C^∗-algebra have a unique maximal stable ideal?

For separable C^∗-algebras, Question 6.4 (i) is equivalent to Question 6.2; and Question 6.4 (ii) is equivalent to Question 6.1. Let us here show why Question 6.2 implies Question 6.4 (i):

Let A be a separable C^∗-algebra, and let {I_i}_{i∈I} be the collection of all stable ideals in A (including 0). If Question 6.2 holds then I_{i1} + I_{i2} belongs to this collection for all i_1, i_2 ∈ I. It follows that I = ⋃ i∈I I_i is an ideal in A, and every stable ideal in A is contained in I.

Corollary 2.3 (i) shows that I is stable.

Consider the continuous field C^∗-algebra A = (A_x)_{x∈X} constructed in Theorem 4.3 (ii). Each open subset U of X defines an ideal A_U = (A_x)_{x∈U} of A consisting of those section a = (a_x) in A such that a_x = 0 whenever x /∈ U; and every ideal in A is of this form. In the given case, each fiber A_x is isomorphic to K and hence is stable, but no ideal A_U is stable — roughly because each non-empty open subset U of X contains an open cylinder set: V_1 × V_2 × · · · × V_n × Y × Y × · · · ⊆ U, V_j ⊆ Y.

We give in Propositions 6.7 and 6.11 below a partial positive answer to Question 6.1.

Lemma 6.5 Let A be a C^∗-algebra and let I be a closed two-sided ideal in A. If I and A/I have no (non-trivial) unital quotients, then neither has A.

Proof: Suppose, to reach a contradiction, that J is a proper closed two-sided ideal in A such that A/J is unital. Then A/(I + J) is a unital quotient of A/I and therefore I + J = A. Hence I I ∩ J ∼= I + J J = A J , so that I/(I ∩ J) is unital. This entails that I ∩ J = I. It follows that I ⊆ J and consequently J = A, a contradiction. □

Lemma 6.6 Let A be a C^∗-algebra, let I be a closed two-sided ideal in A, and assume that neither I nor A/I have (non-trivial) unital quotients. Then for each a in A, the C^∗-algebra (1 − a)I(1 − a^∗) is full in I and has no (non-trivial) unital quotients.

Proof: Let ~A denote the unitization of A. Let J be the closed two-sided ideal in ~A generated by 1 − a, let J_0 be the closed two-sided ideal in A generated by (1 − a)A(1 − a^∗), and let I_0 be the closed two-sided ideal in I generated by (1 − a)I(1 − a^∗). Then J_0 = J ∩A and I_0 = J ∩ I = J_0 ∩ I. Let π : ~A → ~A/J be the quotient mapping. Then π(a) = π(1), and so π(A) is unital. The kernel of the restriction of π to A is equal to J_0. Hence A/J_0 is unital. By Lemma 6.5 and the assumption that I and A/I have no unital quotients we conclude that J_0 = A. It follows that I_0 = I so that (1 − a)I(1 − a^∗) is full in I.

Assume next, to reach a contradiction, that L_0 is a proper ideal in (1 − a)I(1 − a^∗) such that (1 − a)I(1 − a^∗)/L_0 is unital. Let L be the closed two-sided ideal in I generated by L_0 so that L_0 = (1 − a)I(1 − a^∗)∩L. Let π : A → A/L be the quotient mapping. Find e in (1 − a)I(1 − a^∗) such that π(e) is the unit for (1 − a)I(1 − a^∗)/L_0, and put y = e + a − ea. Then y belongs to A and

(1 − y)I(1 − y^∗) = (1 − e)(1 − a)I(1 − a^∗)(1 − e^∗) ⊆ L,

in contradiction with the first part of the lemma saying that (1 − y)I(1 − y^∗) is full in I. □

Proposition 6.7 Let I be a stable, closed, two-sided ideal in a separable C^∗-algebra A, and suppose that A/I is stable. Then the following three conditions are equivalent:

(i) A is stable,

(ii) for each positive contraction a in A, the hereditary sub-C^∗-algebra (1 − a)I(1 − a) is large in I (cf. Definition 2.4),

(iii) (1 − a)I(1 − a) is stable for each positive contraction a in A.

Proof: (i) ⇒ (iii). If A is stable, then so is (1 − a)A(1 − a) by Corollary 2.3 (iii). Hence (1 − a)I(1 − a) is stable by Corollary 2.3 (ii) being an ideal in a stable C^∗-algebra.

(iii) ⇒ (ii) follows from Lemmas 2.6 and 6.6.

(ii) ⇒ (i). Suppose that (ii) holds. To show that A is stable we use Theorem 2.2 and find to each a in F (A) a positive element a_1 in A such that a ⊥ a_1 and a ≾ a_1 (cf. Remark 2.1). Let π : A → A/I denote the quotient mapping.

There is a positive contractions e in F (A) such that ea = a = ae. Set f = π(e). Since A/I is stable and f belongs to F (A/I) there is f^′ in F (A/I) with f ∼ f^′ and f ⊥ f^′ (by Theorem 2.2). Because f^′ = (1 − f)f^′(1 − f) we get f^′ ∈ (1 − f)A/I(1 − f) = π((1 − e)A(1 − e)), and we can therefore find a positive contraction e^′ in (1 − e)A(1 − e) such that π(e^′) = f^′. Since π(e^′) ∼ π(e) there is a positive element c in I such that (e − 1/3)_+ ≾ e^′ ⊕ c, cf. [14, Lemma 4.2]. It follows that (e − 2/3)_+ ≾ (e^′ − δ)_+ ⊕ (c − δ)_+ for some δ > 0, cf. [15, Proposition 2.4]. Put c_0 = (c − δ)_+ ∈ F (I) and e^′_0 = (e^′ − δ)_+ ∈ F (A). Then a ≾ (e − 2/3)_+ ≾ e^′_0 ⊕ c_0. Let g be a positive contraction in A such that ge^′_0 = e^′_0g = e^′_0. By assumption (and by the remarks below Definition 2.4) there is a positive element c_1 in (1 − e − g)I(1 − e − g) such that c_0 ∼ c_1. Now, a, e^′_0, and c_1 are mutually orthogonal, positive elements in A, and

a ≾ e^′_0 ⊕ c_0 ≾ e^′_0 ⊕ c_1 ≾ e^′_0 + c_1.

We can therefore take a_1 to be e^′_0 + c_1. □

Lemma 6.8 Let A be a C^∗-algebra, let I be a stable, closed two-sided ideal in A such that the quotient A/I does not have (non-trivial) unital quotients. Let a be a positive contraction in A. Then (1 − a)I(1 − a) admits no non-zero bounded trace.

Proof: Assume to reach a contradiction that τ is a bounded (positive) trace on the hereditary sub-C^∗-algebra (1 − a)I(1 − a). This hereditary sub-C^∗-algebra is full in I by Lemma 6.6. We can therefore extend τ to an unbounded (because I is stable) densely defined trace τ on I. Now, I is an ideal in the unitization ~A of A, and we can extend τ to a lower semi-continuous trace function τ̄ : ~A^+ → [0, ∞]. Let J be the closed two-sided ideal in ~A generated by all positive elements b in ~A with τ̄ (b) < ∞. A positive element b in ~A will then belong to J if and only if τ̄((b − ε)_+) < ∞ for all ε > 0.

Now, I is contained in J because τ is densely defined on I. Since τ is not bounded on I we cannot have τ(1) < ∞; thus J ≠ ~A. The assumption that τ is bounded on (1 − a)I(1 − a) leads to τ(1 − a) < ∞, and hence 1 − a belongs to J.

Let ψ : ~A → ~A/J and π : ~A/I → ~A/J be the quotient mappings. Then ψ(1) = ψ(a) because 1 − a belongs to J, and it follows that ψ(A) is unital. Since π(A/I) = ψ(A), A/I has a unital quotient contrary to our assumptions. □

To state Proposition 6.11 in general terms the following definition is convenient.

Definition 6.9 A C^∗-algebra I is called regular if every full, hereditary sub-C^∗-algebra of I, that has no unital quotients and no bounded traces, is stable

It follows from Corollary 4.4 that not all C^∗-algebras are regular. On the other hand, many C^∗-algebras are regular:

Lemma 6.10 A C^∗-algebra I is regular

(i) if I is an exact C^∗-algebra with the cancellation property, RR(I) = 0, and K_0(I) is weakly unperforated, or

(ii) if I is purely infinite.

Proof: (i). Let I_0 be a full, hereditary sub-C^∗-algebra of I. Then I_0 is σ_p-unital because I has real rank zero. The cancellation property, exactness, and having weakly unperforated K_0-group are all properties that pass to full hereditary sub-C^∗-algebras, so I_0 has these properties. Proposition 3.4 therefore yields that I_0 is stable if I_0 has no bounded trace.

(ii). Every hereditary sub-C^∗-algebra of a purely infinite C^∗-algebra is again purely infinite ([14, Proposition 4.17]) and hence is stable if it has no unital quotient, cf. Proposition 5.3. □

Proposition 6.11 Let 0 // I // A // B // 0

be a short exact sequence of separable C^∗-algebras and suppose that I is regular. Then A is stable if and only if I and B are stable.

All AF-algebras, and more generally all AH-algebras of real rank zero and of slow dimension growth, are regular (see the comments below Proposition 3.4). In particular, for every extension 0 → K → A → B → 0 of separable C^∗-algebras one has that A is stable if and only if B is stable, a fact that implicitly is contained in the BDF-paper [5].

Proof: If A is stable, then so are I and A/I (by Corollary 2.3 (ii)). Assume now that I and A/I are stable and that I is regular. As (1 − a)I(1 − a) is a full hereditary sub- C^∗-algebra of I that has no unital quotient (by Lemma 6.6) and no bounded traces (by Lemma 6.8) for every positive contraction a in A, the assumption that I is regular implies that (1 − a)I(1 − a) is stable. Proposition 6.7 then yields that A is stable. □

The answer to Question 6.1 could be no in general. Suppose that there is a stable C^∗-algebra I and an embedding φ: K → M(I)/I such that (1 − φ(e))M(I)/I(1 − φ(e)) is finite (or not properly infinite) for some one-dimensional projection e in K and such that φ(e) admits a lift to a projection f in M(A). With π : M(I) → M(I)/I the quotient mapping, set A = π^{−1}(φ(K)) and notice that f belongs to A. We get a short exact sequence

0 // I // A // K // 0,

and A is not stable. Indeed, M((1 − f)I(1 − f)) ∼= (1 − f)M(I)(1 − f) and π ( (1 − f)M(I)(1 − f) ) = (1 − φ(e)) M(I) I (1 − φ(e)), which shows that M((1 − f)I(1 − f)) is not properly infinite, whence (1 − f)I(1 − f) is not stable, and hence A is not stable, cf. Proposition 6.7.

It is not known if there is such a C^∗-algebra I, but Corollary 4.6 and its proof carry some evidence in favor of its existence. Indeed, let A_n be as in Theorem 4.3 for each n in N, and set I = ∑_∞ n=1 M_n(A_n). Then I is stable and M(I) = ∏_∞ n=1 M(M_n(A_n)). The proof of Corollary 4.6 gives an embedding φ: K → M(I) /^∞∑ n=1 M(M_n(A_n)) = D such that (1 − φ(e))D(1 − φ(e)) is finite whenever e is a non-zero projection in K, and e lifts to a projection in M(I). However, φ does not lift to an embedding of K into M(I)/I.

References

[1] B. Blackadar, Traces on simple AF C*-algebras, J. Funct. Anal. 38 (1980), 156–168. [2] B. Blackadar, M. Dădărlat, and M. Rørdam, The real rank of inductive limit C^∗- algebras, Math. Scand. 69 (1991), 211–216.

[3] B. Blackadar and M. Rørdam, Extending states on Preordered semigroups and the existence of quasitraces on C^∗-algebras, J. Algebra 152 (1992), 240–247.

[4] L. G. Brown, Stable isomorphism of hereditary subalgebras of C*-algebras, Pacific J.

Math. 71 (1977), 335–348.

[5] L. G. Brown, R. Douglas, and P. Fillmore, Extensions of C^∗-algebras and K-homology, Ann. of Math. 105 (1977), 265–324.

[6] N. Clarke, A finite but not stably finite C^∗-algebra, Proc. Amer. Math. Soc. 96 (1966), 85–88.

[7] J. Cuntz, The structure of multiplication and addition in simple C^∗-algebras, Math.

Scand. 40 (1977), 215–233.

[8] M. Dădărlat, G. Nagy, A. Némethi, and C. Pasnicu, Reduction of topological stable rank in inductive limits of C^∗-algebras, Pacific J. Math. 153 (1992), 267–276.

[9] K. R. Goodearl and D. Handelman, Rank functions and K_0 of regular rings, J. Pure Appl. Algebra 7 (1976), 195–216.

[10] U. Haagerup, Every quasi-trace on an exact C*-algebra is a trace, Preprint, 1991. [11] J. Hjelmborg, Pure infiniteness, stability and C^∗-algebras of graphs and dynamical systems, to appear in Ergod. Th. & Dynam. Sys.

[12] J. Hjelmborg and M. Rørdam, On stability of C^∗-algebras, J. Funct. Anal. 155 (1998), no. 1, 153–170.

[13] E. Kirchberg and M. Rørdam, Infinite non-simple C^∗-algebras: absorbing the Cuntz algebra O_∞, preprint, 2000.

[14] , Non-simple purely infinite C^∗-algebras, Amer. J. Math. 122 (2000), 637–666. [15] M. Rørdam, On the Structure of Simple C^∗-algebras Tensored with a UHF-Algebra, II, J. Funct. Anal. 107 (1992), 255–269.

[16] , Stability of C^∗-algebras is not a stable property, Documenta Math. 2 (1997), 375–386.

[17] , On sums of finite projections, Operator Algebras and Operator Theory (L. Ge, H. Lin, and S. Zhang, eds.), Contemporary Math., vol. 228, 1998, pp. 327–340.

[18] J. Villadsen, Simple C^∗-algebras with perforation, J. Funct. Anal. 154 (1998), no. 1, 110–116.

[19] S. Zhang, Certain C^∗-algebras with real rank zero and their corona and multiplier algebras, Pacific J. Math. 155 (1992), 169–197.

Department of Mathematics, University of Copenhagen, Universitetsparken 5, 2100 Copenhagen Ø, Denmark E-mail address: rordam@math.ku.dk